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1 Geometry of Hermitian Vector Bundles
1.1 Hermitian vector bundles and metrics
Let π : E Ñ X be a complex rank k bundle over some real manifold X. We do not assume for
the moment that X has an almost complex structure. Let ΓpU,Eq denotes the vector space of all
smooth sections of E over U .

In this section, vector bundles are all refered to differentiable complex vector bundles over a
differentiable manifold, E Ñ X.

Definition 1.1. Let E Ñ X be an complex vector bundle of rank r and let U be an open subset
of X. A (moving) frame for E over U is a set of r smooth sections ts1, ¨ ¨ ¨ , sru, sj P ΓpU,Eq,
such that ts1pxq, ¨ ¨ ¨ , srpxqu is a basis for Ex for any x P U .

Proposition 1.2. Any complex vector bundle E admits a frame in some neighborhood of any
given point in the base space.

Proof. Let U be a trivializing neighborhood for E so that

h : E|U
„

ÝÑ U ˆ Cr

is a bundle chart. Thus we have an isomorphism

h˚ : ΓpU,E|Uq Ñ ΓpU,U ˆ Crq.
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Consider the vector-valued functions

e1 “ p1, 0, ¨ ¨ ¨ , 0q, e2 “ p0, 1, ¨ ¨ ¨ , 0q, ¨ ¨ ¨ , er “ p0, ¨ ¨ ¨ , 0, 1q,

which clearly form a constant frame for U ˆ Cr, and thus tph˚q´1pe1q, ¨ ¨ ¨ , ph˚q´1perqu forms a
frame for E|U , since the bundle mapping h is an isomorphism on fibres, carrying a basis to a basis.
□

Remark. We see that having a frame is equivalent to having a trivialization and that the existence
of a global frame defined over X is equivalent to the bundle being trivial.

Suppose that E Ñ X is a vector bundle of rank r and that fT “ ps1, ¨ ¨ ¨ , srq is a frame at x P X;
i.e., there is a neighborhood U of x and sections ts1, ¨ ¨ ¨ , sru, sj P ΓpU,Eq, which are linearly
independent at each point of U .

Let ψ : U Ñ GLpr,Cq is a differentiable mapping, i.e. ψpxq “ pψijpxqq, where ψijpxq is a
C-valued differentiable map for all x P U . Then there is an action of ψ on the set of all frames on
the open set U defined by

f ÞÑ ψ ¨ f,

where

pψ ¨ fqpxq “

˜

r
ÿ

i“1

ψ1ipxqsipxq, ¨ ¨ ¨ ,
r

ÿ

i“1

ψripxqsipxq

¸T

, x P U,

is also a frame. Clearly, pψ ¨ fqpxq “ ψpxq ¨ fpxq, where we use the usual matrix product.

Definition 1.3. The above map ψ : U Ñ GLpr,Cq is called a change of frame.

Remark. Given any two frames f and f 1 over U , we see that there exists a change of frame ψ
defined over U such that f 1 “ ψ ¨ f .

Let fT “ ps1, ¨ ¨ ¨ , srq be a frame over U for E and ξ P ΓpU,Eq. Then

ξ “

r
ÿ

i“1

ξipfqsi,

where ξipfq P C8pUq are uniquely determined smooth functions on U . This induces a map

ΓpU,Eq
„

ÝÑ C8pUqr – ΓpU,U ˆ Crq

by

ξ ÞÑ ξpfq “

»

—

–

ξ1pfq
...

ξrpfq

fi

ffi

fl

.

Proposition 1.4. Suppose that fT “ ps1, ¨ ¨ ¨ , srq is a frame over U and ψ is a change of frame
over U . Then ξpψ ¨ fq “ pψT q´1 ¨ ξpfq.
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Proof. We see that

ξ “

r
ÿ

i“1

ξipψ ¨ fq

˜

r
ÿ

j“1

ψijsj

¸

“

r
ÿ

j“1

r
ÿ

i“1

ξipψ ¨ fqψijsj.

Compared with ξ “

r
ÿ

j“1

ξjpfqsj, we see that

ξjpfq “

r
ÿ

i“1

ξipψ ¨ fqψij

for all j. Equivalently,
ξpfq “ ψT ¨ ξpψ ¨ fq

or
ξpψ ¨ fq “ pψT q´1 ¨ ξpfq.

□

If E is a holomorphic vector bundle, then we can define the holomorphic frames similarly,
i.e., fT “ ps1, ¨ ¨ ¨ , srq, sj P OXpU,Eq, and s1^¨ ¨ ¨^srpxq ‰ 0, for x P; and holomorphic changes
of frame, i.e., holomorphic mappings ψ : U Ñ GLpr,Cq. Correspondingly, if ξ P OXpU,Eq, then
ξpfq P OXpUqr.

Definition 1.5. A Hermitian metric or Hermitian structure h on a vector bundle E Ñ X
is a smooth field of Hermitian inner products on the fibers of E, that is, for every x P X,

hx : Ex ˆ Ex Ñ C

satisfies
p1q hxpu, vq is C–linear in u for every v P Ex.
p2q hxpu, vq “ Hxpv, uq, @u, v P Ex.
p3q hxpu, uq ą 0, @u ‰ 0.
p4q hxpu, vq is a smooth function on X for every smooth sections u, v of E.

Remark. It is clear from the above conditions that h is C–antilinear in the second variable. The
third condition shows that h is non–degenerate. In fact, it is quite useful to think to h as to a
C–antilinear isomorphism h : E Ñ E˚.

Moreover, we see that hxpiu, ivq “ hxpu, vq for all u, v P Ex.

Definition 1.6. A vector bundle E equipped with a Hermitian metric h is called a Hermitian
vector bundle.

Suppose that E Ñ X is a Hermitian vector bundle and that f “ ps1, ¨ ¨ ¨ , srq is a frame for
E Ñ X over some open set U . Define

hpfqij “ hpsi, sjq
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and let
hpfq “ rhpfqijs

be the rˆ r matrix of the C8 functions thpfqiju, where r “ rankE. We see that hpfq is a positive
definite Hermitian symmetric matrix and is a local representative for the Hermitian metric h with
respect to the frame f .

Theorem 1.7. Every rank r complex vector bundle E Ñ X admits a Hermitian metric.

1.2 Connections
Let X be a real manifold and π : E Ñ X be a complex vector bundle on X. We denote by
AipX,Eq the sheaf of i-forms with values in E, i.e.

AipX,Eq “ Γ
´

X,
ľi

pT ˚Xq b E
¯

,

where we adopt the notation b :“ bC8pXq. Let EndpEq be the C8pXq-endomorphisms bundle of
E, i.e. EndpEq “ HomC8pXqpE,Eq “ E˚ bC8pXq E.

Definition 1.8. A connection on a vector bundle E is a C-linear sheaf morphism

∇ : A0pX,Eq Ñ A1pX,Eq

which satisfies the Leibniz rule

∇pf ¨ sq “ df b s ` f ¨ ∇psq

for any function f on M and local section s of E.

Definition 1.9. A section s of a vector bundle E is called parallel or flat with respect to a
connection ∇ on E if ∇psq “ 0.

Proposition 1.10. If ∇ and ∇1 are two connections on a vector bundle E, then ∇ ´ ∇1 is
C8pXq-linear.

In particular, ∇ ´ ∇1 P A1pX,EndpEqq.

Proof. For any f P C8pMq, by Leibniz rule, we have

∇pf ¨ sq “ df b s ` f ¨ ∇psq

and
∇1pf ¨ sq “ df b s ` f ¨ ∇1psq.

Thus,
p∇ ´ ∇1qpf ¨ sq “ f ¨ p∇ ´ ∇1qpsq.

Note that ∇ ´ ∇1 can be identified with a global section of

HomC8pXq

´

E,
ľ1

T ˚X b E
¯

– E˚ bC8pMq

ľ1
T ˚X b E –

ľ1
T ˚X b EndC8pXqpEq.

So, ∇ ´ ∇1 P A1pX,EndpEqq. □
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Proposition 1.11. If ∇ is a connection on E and a P A1pM,EndpEqq, then ∇ ` a is again a
connection on E.

Proof. For any f P A0pMq, we have aps ¨ sq “ f ¨ apsq. Thus, we see that p∇ ` aqpf ¨ sq “

∇pf ¨ sq ` apf ¨ sq “ df b s` f ¨∇psq ` f ¨ apsq “ df b s` f ¨ p∇` aqpsq. So, ∇` a is a connection
on E. □

By the definition of affine space over a vector space, we have:

Corollary 1.12. The set of all connections on a vector bundle E is an affine space over the
complex vector space A1pM,EndpEqq in a natural way.

We now give a local description of a connection ∇ on a vector bundle E Ñ X.

Definition 1.13. Let f be a frame over U for a vector bundle E Ñ X, equipped with a connection
∇. We define the connection matrix ωp∇, fq by setting

ωp∇, fq “ pωijp∇, fqq,

where ωijp∇, fq are complex-valued 1-forms in U with

∇psjq “

r
ÿ

i“1

ωijp∇, fq b si. (1.2.1)

We abuse the notation ωpfq “ ωp∇, fq and ωijpfq “ ωijp∇, fq when there is no danger of confusion.

Remark. The equation p1.3.3q can be written as

∇ ¨ f “ ω ¨ f.

Note that ∇ is not C8pXq-linear, so we don’t have p∇ξqpfq “ ωpfq ¨ ξpfq in general.

Proposition 1.14. Let U be an open subset of X, and let fT “ ps1, ¨ ¨ ¨ , srq be a frame over U .
Then, locally we have

∇ “ d ` ωpfq,

where ωpfq is the connection matrix of ∇ with respect to f , in the sense p∇ξqpfq “ rd`ωpfqsξpfq.

Proof. For an arbitrary section ξ of E over U , we can write it as

ξ “
ÿ

i

ξipfqsi, (1.2.2)

5



where ξipfq are complex-valued C8-functions in U . Then we have

∇ξ “
ÿ

j

∇pξjpfqsjq

“
ÿ

j

`

dξjpfq b sj ` ξjpfq∇psjq
˘

“
ÿ

j

˜

dξjpfq b sj ` ξjpfq
ÿ

i

ωijpfq b si

¸

“
ÿ

j

dξjpfq b sj `
ÿ

j

˜

ÿ

k

ωjkpfqξkpfq

¸

b sj.

Thus, we see that
p∇ξqpfq “ dξpfq ` ωpfqξpfq “ rd ` ωpfqsξpfq.

Thus, we have ∇ “ d ` ωpfq, where we have set

dξpfq “

»

—

–

dξ1pfq
...

dξrpfq

fi

ffi

fl

,

by thinking of d ` ωpfq as being an operator acting on vector-valued functions. □

Example 1.15. Let E1 and E2 be two vector bundles on M endowed with connections ∇1 and
∇2.

p1q If s1 and s2 are local sections of E1 and E2, we set

∇ps1 ‘ s2q “ ∇1ps1q ‘ ∇2ps2q.

This defines a natural connection on the direct sum E1 ‘ E2.
p2q If s1 and s2 are local sections of E1 and E2, we set

∇ps1 b s2q “ ∇1ps1q b s2 ` s1 b ∇2ps2q.

This defines a natural connection on the tensor product E1 b E2. It is routine to check that ∇ is
well-defined and indeed a connection.

p3q Let f : E1 Ñ E2 be a morphism of vector bundles, i.e. f is a section on HompE1, E2q. Let
s1 be a local section of E1, then fps1q “ f ˝ s1 is a local section on E2. A natural connection

∇H : A0pX,HompE1, E2qq Ñ A1pX,HompE1, E2qq

on HompE1, E2q can be defined by
f ÞÑ ∇Hf,

where
p∇Hfqps1q “ ∇2pfps1qq ´ fp∇1ps1qq.

In the second term, f is applied to ∇1ps1q according to fpαb tq “ αb fptq for α P A1pX,Eq and
t P A0pX,Eq.
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Note that ∇Hf sends a section of E1 to a section of T ˚X b E2, we can consider ∇H as a
morphism ∇Hf : E1 Ñ T ˚X b E2 of vector bundles. So, ∇Hf P ΓpHompE1, T

˚X b E2qq –

ΓpT ˚X b E˚
1 b E2q – ΓpT ˚X b HompE1, E2qq “ A1pX,HompE1, E2qq.

p4q Let E be a vector bundle equipped with a connection ∇. Take E1 “ E and E2 “ X ˆ C to
be the trivial bundle with trivial connection d. Then we have a connection ∇˚ on the dual bundle
E˚ by

∇˚pfqpsq “ dpfpsqq ´ fp∇psqq.

p5q Let f : M Ñ N be a differentiable map and let ∇ be a connection on a vector bundle E
over N . Let ∇ over an open subset Ui Ă N be of the form d ` ωi pafter trivializing E|Ui

q. Then
the pull-back connection f˚∇ on the pull-back vector bundle f˚E over M is locally defined by

f˚∇|f´1pUiq “ d ` f˚ωi.

It is straightforward to see that the locally given connections glue to a global one on f˚E.

Definition 1.16. Let pE, hq be an Hermitian vector bundle. A connection ∇ on E is an Her-
mitian connection with respect to h if for any local sections s1, s2 one has

dphps1, s2qq “ hp∇ps1q, s2q ` hps1,∇ps2qq.

Lemma 1.17. Let pE, hq be an Hermitian vector bundle. A connection ∇ on E is an Hermitian
connection with respect to h if and only if

dhpfq “ ωpfqT ¨ hpfq ` hpfq ¨ ωpfq

for all frames f “ ps1, ¨ ¨ ¨ , srq
T .

Proof. First, let f “ ps1, ¨ ¨ ¨ , srq
T be any frame and that ∇ an Hermitian connection with

respect to h on E. Then we see that

dhpfqij “ dhpsi, sjq

“ hp∇psiq, sjq ` hpsi,∇psjqq

“ h

˜

r
ÿ

k“1

ωkipfq b sk, sj

¸

` h

˜

si,
r

ÿ

ℓ“1

ωℓjpfq b sℓ

¸

“

r
ÿ

k“1

ωkipfqhpsk, sjq `

r
ÿ

ℓ“1

ωℓjpfqhpsi, sℓq

“

r
ÿ

k“1

ωkipfqhpfqkj `

r
ÿ

ℓ“1

ωℓjpfqhpfqiℓ

So, we have
dhpfq “ ωpfqT ¨ hpfq ` hpfq ¨ ωpfq.

Conversely, suppose dhpfq “ ωpfqT ¨hpfq `hpfq ¨ωpfq is satisfied for all frames f . Then, in terms

7



of a local frame, one obtains immediately

dhpξ, ηq “ dh

˜

r
ÿ

i“1

ξipfqsi,
r

ÿ

j“1

ηjpfqsj

¸

“ d

˜

r
ÿ

i“1

r
ÿ

j“1

ξipfqηjpfqhpsi, sjq

¸

“ d

˜

r
ÿ

i“1

r
ÿ

j“1

ξipfqηjpfqhpfqij

¸

“ d
´

ηpfq
T
hpfqT ξpfq

¯

“

´

dηpfq

¯T

hpfqT ξpfq ` ηpfq
T

pdhpfqqT ξpfq ` ηpfq
T
hpfqTdξpfq

“

´

dηpfq

¯T

hpfqT ξpfq ` ηpfq
T

rhpfqT ¨ ωpfq ` ωpfq
T

¨ hpfqT sξpfq ` ηpfq
T
hpfqTdξpfq

“

´

dηpfq

¯T

hpfqT ξpfq ` ηpfq
T
hpfqTωpfqξpfq ` ηpfq

T
ωpfq

T
hpfqT ξpfq ` ηpfq

T
hpfqTdξpfq

“

´

dηpfq ` ωpfqηpfq

¯T

hpfqT ξpfq ` ηpfq
T
hpfqT pdξpfq ` ωpfqξpfqq

“ pd ` ωpfqq ηpfq
T
hpfqT ξpfq ` ηpfq

T
hpfqT pd ` ωpfqq ξpfq

“ hpξ,∇ηq ` hp∇ξ, ηq.

□
Definition 1.18. A frame f is called unitary if hpfq “ I.
Lemma 1.19. Unitary frames always exists near a given point x0 P U .
Proof. The Gram-Schmidt orthogonalization process allows one to find r local sections which
form an orthonormal basis for Ex at all points x near x0. □
Lemma 1.20. Let ψ be a change of frame, then

dψT ` ωpfq ¨ ψT “ ψT ¨ ωpψ ¨ fq.

Proof. Suppose ψ ¨ f “ p
ř

i ψ1isi, ¨ ¨ ¨ ,
ř

i ψrisiq
T “ pe1, ¨ ¨ ¨ , erq

T . Then,

∇pejq “
ÿ

i

ωijpψ ¨ fq b ei

“
ÿ

i

ωijpψ ¨ fq b

˜

ÿ

k

ψiksk

¸

“
ÿ

i

ÿ

k

ωijpψ ¨ fqψik b sk

“
ÿ

k

˜

ÿ

i

ωijpψ ¨ fqψik

¸

b sk

On the other hand,

∇

˜

ÿ

k

ψjksk

¸

“
ÿ

k

dψjk b sk `
ÿ

k

ÿ

ℓ

ωkℓpfqψjℓ b sk

“
ÿ

k

˜

dψjk `
ÿ

ℓ

ωkℓpfqψjℓ

¸

b sk.
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By comparing coefficients, we obtain
ÿ

i

ωijpψ ¨ fqψik “ dψjk `
ÿ

ℓ

ωkℓpfqψjℓ

for each j, k. It follows that
ψT ¨ ωpψ ¨ fq “ dψT ` ωpfq ¨ ψT .

□
Proposition 1.21. Let E Ñ X be a Hermitian vector bundle. Then there exists an Hermitian
connection ∇ on E with respect to the Hermitian metric h on E.

Proof. We can find a locally finite covering Uα and unitary frames fα defined in Uα. Then

dhpfq “ ωpfqT ¨ hpfq ` hpfq ¨ ωpfq

becomes
0 “ ωpfqT ` ωpfq

for a unitary frame; i.e., ωpfαq is to be skew-Hermitian.
In each Uα we can choose the trivial skew-Hermitian matrix of the form ωα “ 0; i.e., ωpfαq “ 0.

If we make a change of frame in Uα, then we see that we require that

ωpψ ¨ fαq “ pψT q´1dψT

by Lemma 1.20. Therefore, define ωpψ ¨ fαq by pψT q´1dψT , then we see that

hpψ ¨ fαqkℓ “ hpek, eℓq “ h

˜

ÿ

i

ψkisi,
ÿ

j

ψℓjsj

¸

“
ÿ

i

ÿ

j

ψkiψℓjhpsi, sjq

“
ÿ

i

ÿ

j

ψkiψℓjhpfαqij

“

´

ψhpfαqψ
T

¯

kℓ
.

So,
hpψ ¨ fαq “ ψhpfαqψ

T
“ ψ ¨ ψ

T
.

It follows that
dhpψ ¨ fαq “ dpψ ¨ ψ

T
q

“ dψ ¨ ψ
T

` ψ ¨ dψ
T

“ dψ ¨ ψ´1 ¨ ψ ¨ ψ
T

` ψ ¨ ψ
T

¨ pψ
T

q´1 ¨ dψ
T

“ ωpψ ¨ fαqT ¨ hpψ ¨ fαq ` hpψ ¨ fαq ¨ ωpψ ¨ fαq,

which verifies the compatibility.
Let tφαu be a partition of unity subordinate to tUαu and let Dα be the connection in E|Uα

defined by
pDαξqpfαq “ dξpfαq,
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in which cases ωpDα, fαq “ 0. In general, Dα is defined with respect to other frames over Uα by

pDαξqpψ ¨ fαq “ dξpψ ¨ fαq ` ωpDα, ψ ¨ fαqξpψ ¨ fαq,

where ωpDα, ψ ¨ fαq “ pψT q´1dψT . By the above discussion, we see that Dα is an Hermitian
connection with respect to h on E. Now, let D “

ř

α φαDα, which is an Hermitian connection
with respect to h on E as

hpDξ, ηq ` hpξ,Dηq “
ÿ

α

φαrhpDαξ, ηq ` hpξ,Dαηqs “
ÿ

α

φαdhpξ, ηq “ dhpξ, ηq.

□

1.3 Curvature
Proposition 1.22. The connection has a natural extension to an operator

∇ : AkpX,Eq Ñ Ak`1pX,Eq

uniquely defined by
paq ∇|A0pX,Eq “ ∇.
pbq @ω P AkpXq, η P A0pX,Eq, we have

∇pω b ηq “ dω b η ` p´1qkω ^ ∇η.

Proof. We first show the existence. Let tUαu be a covering realizing the local trivialization
E|Uα – Uα ˆ Cr and tφαuαPA be a partition of unity subordinate to tUαu. Then,

η “
ÿ

αPA

φαη,

which is a locally finite sum as tφ´1
α pp0, 1sq|α P Au is locally finite. Over Uα, we can define ∇ by

∇pωα b ηαq “ dωα b ηα ` p´1qkωα ^ ∇ηα.

This is well-defined as for any C8pUαq function fα, we have

∇pωα b pfα ¨ ηαqq “ dωα b pfα ¨ ηαq ` p´1qkωα ^ ∇pfα ¨ ηαq

“ fα ¨ dωα b ηα ` p´1qkωα ^ pdfα b ηα ` fα∇ηαq

“ fα ¨ dωα b ηα ` p´1qkωα ^ dfα b ηα ` p´1qkωα ^ fα∇ηα
“ pfα ¨ dωα ` dfα ^ ωαq b ηα ` p´1qkfαωα ^ ∇ηα
“ dpfαωαq b ηα ` p´1qkfαωα ^ ∇ηα
“ ∇pfαωα b ηαq.
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Then, globally, we have

∇pω b ηq “ ∇

˜

ÿ

α

φαω b
ÿ

β

φβη

¸

“
ÿ

α

ÿ

β

∇ pφαω b φβηq

“
ÿ

α

ÿ

β

“

dpφαωq b pφβηq ` p´1qkφαω ^ ∇pφβηq
‰

“ dω b η ` p´1qkω ^ ∇η.

The uniqueness is clear. □

Proposition 1.23. The extension ∇ satisfies the generalized Leibniz rule, i.e. @α P ArpXq,
β P AspX,Eq, we have

∇pα ^ βq “ dα ^ β ` p´1qrα ^ ∇β.

Proof. By the C-linearity of ∇, we may assume that β “ t b s, where t P AspXq and s P

A0pX,Eq. Thus,

∇pα ^ βq “ ∇ppα ^ tq b sq

“ dpα ^ tq b s ` p´1qr`spα ^ tq b ∇psq

“ dα ^ t b s ` p´1qrα ^ dt b s ` p´1qr`sα ^ t b ∇s
“ dα ^ β ` p´1qrα ^ pdt b s ` p´1qst b ∇sq
“ dα ^ β ` p´1qrα ^ ∇pt b sq

“ dα ^ β ` p´1qrα ^ ∇β.

□

Definition 1.24. Let E be a vector bundle with a connection ∇ on E. The curvature

F∇ : A0pX,Eq Ñ A2pX,Eq

of ∇ is the composition
F∇ :“ ∇ ˝ ∇

i.e.
F∇ : A0pX,Eq

∇
ÝÑ A1pX,Eq

∇
ÝÑ A2pX,Eq

Proposition 1.25. The curvature morphism F∇ : A0pX,Eq Ñ A2pX,Eq is C8pXq-linear.

Proof. For any f P C8pMq, we have

F∇pf ¨ sq “ ∇p∇pf ¨ sqq

“ ∇pdf b s ` f ¨ ∇psqq

“ d2pfq b s ´ df ^ ∇psq ` df ^ ∇psq ` f ¨ ∇p∇psqq

“ f ¨ F∇psq.

□
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By this proposition, we can consider F∇ as a global section of
Ź2 T ˚X bEndpEq. Indeed, F∇ can

be identified with a global section of

HomC8pXq

´

E,
ľ2

T ˚X b E
¯

– E˚ bC8pMq

ľ2
T ˚X b E –

ľ2
T ˚X b EndC8pXqpEq.

So, F∇ P A2pX,EndpEqq.
Recall that we identify HompV,W q – V ˚ b W by using the following map

V ˚ b W Ñ HompV,W q

v˚ b w ÞÑ px ÞÑ vpxqwq,

whose inverse map is given by
HompV,W q Ñ V ˚ b W

f ÞÑ

r
ÿ

i“1

e˚
i b fpeiq,

where te1, ¨ ¨ ¨ , eru is a basis for V , and te˚
1 , ¨ ¨ ¨ , e˚

ru is the dual basis for V ˚.
If ts1, ¨ ¨ ¨ , sru is a frame on E and ts˚

1 , ¨ ¨ ¨ , s˚
ru is the dual frame on E˚, we see that

F∇ “

r
ÿ

j“1

F∇psjq b s˚
j (1.3.1)

as an element in
Ź2 T ˚X b E b E˚.

We define a bilinear map ^ for any vector bundle E:

^ : ArpX,EndpEqq ˆ AspX,EndpEqq Ñ Ar`spX,Eq,

uniquely determined by
pωr b Aq ^ pηs b Bq ÞÑ ωr ^ ηs b AB,

where ωr P ArpXq, ηs P AspXq and A,B P C8pEndpEqq.
So, if A “ pαr

ijq and B “ pβs
ijq for αr

ij P ArpXq, βs
ij P AspXq, then A ^ B “ pcr`s

ij q, where
cr`s
ij “

ř

k α
r
ik ^ βs

kj.

Proposition 1.26. Let U be an open subset of X, and fT “ ps1, ¨ ¨ ¨ , srq a frame over U . Let
ωpfq is the connection matrix of ∇ : A0pX,Eq Ñ A1pX,Eq with respect to f .

Then, for any ∇ : AkpX,Eq Ñ Ak`1pX,Eq, we have

∇ “ d ` ωpfq

locally on U in the sense p∇ξqpfq “ rd ` ωpfqsξpfq, where ξ P AkpX,Eq.

Proof. For an arbitrary ξ P AkpU,Eq, we can write it as

ξ “
ÿ

i

ξipfq b si, (1.3.2)
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where ξipfq are complex-valued C8-differential k-forms in U . Then we have

∇ξ “
ÿ

j

∇pξjpfq b sjq

“
ÿ

j

`

dξjpfq b sj ` p´1qkξjpfq ^ ∇psjq
˘

“
ÿ

j

˜

dξjpfq b sj ` p´1qkξjpfq ^

˜

ÿ

i

ωijpfq b si

¸¸

“
ÿ

j

˜

dξjpfq b sj ` p´1qk

˜

ÿ

i

ξjpfq ^ ωijpfq b si

¸¸

“
ÿ

j

dξjpfq b sj `
ÿ

j

˜

ÿ

k

ωjkpfq ^ ξkpfq

¸

b sj.

Thus, we see that
p∇ξqpfq “ dξpfq ` ωpfq ^ ξpfq “ rd ` ωpfqsξpfq.

Thus, we have ∇ “ d ` ωpfq, where we have set

dξpfq “

»

—

–

dξ1pfq
...

dξrpfq

fi

ffi

fl

,

by thinking of d ` ωpfq as being an operator acting on vector-valued diffrential k-forms. □

Definition 1.27. Let U be an open subset of X, and let fT “ ps1, ¨ ¨ ¨ , srq be a frame over U . We
define the curvature matrix Ωp∇, fq by setting

Ωp∇, fq “ pΩijp∇, fqq,

where Ωijp∇, fq are complex-valued 2-forms in U with

F∇psjq “

r
ÿ

i“1

Ωijp∇, fq b si. (1.3.3)

We abuse the notation Ωpfq “ Ωp∇, fq and Ωijpfq “ Ωijp∇, fq when there is no danger of
confusion.

Proposition 1.28. Let U be an open subset of X, and let fT “ ps1, ¨ ¨ ¨ , srq be a frame over U .
Then, we have

Ωpfq “ dωpfq ` ωpfq ^ ωpfq

locally on U , where ωpfq is the connection matrix of ∇ : A0pX,Eq Ñ A1pX,Eq with respect to f .

Proof. Let ξ be a section of E, i.e. ξ P A0pX,Eq. Recall that F∇ is C8pXq-linear, we have

pF∇ξqpfq “ Ωpfq ¨ ξpfq.

13



Then,

Ωpfq ¨ ξpfq “ pF∇ξqpfq “ p∇p∇ξqqpfq

“ rd ` ωpfqsp∇ξqpfq

“ rd ` ωpfqs ˝ rd ` ωpfqsξpfq

“ rd ` ωpfqsrdξpfq ` ωpfqξpfqs

“ d2ξpfq ` ωpfq ^ dξpfq ` drωpfqξpfqs ` ωpfq ^ rωpfqξpfqs

“ ωpfq ^ dξpfq ` rdωpfqs ¨ ξpfq ` p´1qωpfq ^ dξpfq ` rωpfq ^ ωpfqsξpfq

“ rdωpfq ` ωpfq ^ ωpfqs ¨ ξpfq.

So,
Ωpfq “ dωpfq ` ωpfq ^ ωpfq.

□

Corollary 1.29 (Bianchi identity).

dΩpfq “ Ωpfq ^ ωpfq ´ ωpfqΩpfq “ rΩpfq, ωpfqs.

Proof.
dΩpfq “ d2ωpfq ` drωpfq ^ ωpfqs

“ dωpfq ^ ωpfq ´ ωpfq ^ dωpfq

“ dωpfq ^ ωpfq ` ωpfq ^ ωpfq ^ ωpfq

´ ωpfq ^ ωpfq ^ ωpfq ´ ωpfq ^ dωpfq

“ Ωpfq ^ ωpfq ´ ωpfq ^ Ωpfq.

□

Let E be a vector bundle with a connection ∇. By Example 1.15p3q, we see that ∇ induces a
natural connection ∇EndpEq on EndpEq. This extends to a operator

∇EndpEq : AkpX,EndpEqq Ñ Ak`1pX,EndpEqq.

Now, since the curvature F∇ of the connection ∇ can be regarded as an element on A2pX,EndpEqq,
the notation ∇EndpEqpF∇q P A3pX,EndpEqq makes sense. The Bianchi identity states that

∇EndpEqpF∇q “ 0.

Before proving this result, we need the following lemmas.

Lemma 1.30. Let E be a vector bundle with a connection ∇ and f “ ps1, ¨ ¨ ¨ , srq
T a frame over

U on E and f˚ “ ps˚
1 , ¨ ¨ ¨ , s˚

r qT be the dual frame on the dual bundle E˚, i.e.

s˚
i psjq “ δij.

Let ∇˚ be the natural connection on E˚ induced by ∇. Then, we have

ωp∇˚, f˚q “ ´ωp∇, fqT .

14



Proof. Recall that

∇si “

r
ÿ

ℓ“1

ωℓipfq b sℓ

and

p∇˚s˚
j qpsiq “ dps˚

j psiqq ´ s˚
j p∇siq “ dpδijq ´ s˚

j

˜

r
ÿ

ℓ“1

ωℓipfq b sℓ

¸

“ ´

r
ÿ

ℓ“1

ωℓipfq ¨ s˚
j psℓq “ ´

r
ÿ

ℓ“1

ωℓipfq ¨ δjℓ

“ ´ωjipfq.

Thus,

∇˚s˚
j “ ´

r
ÿ

k“1

ωjkpfq b s˚
k.

So, we see that
ωp∇˚, f˚q “ ´ωp∇, fqT .

□

Lemma 1.31. Let f “ ps1, ¨ ¨ ¨ , srq
T be a frame over U on E and f˚ “ ps˚

1 , ¨ ¨ ¨ , s˚
r qT be the dual

frame on E˚. Then, g :“ f b f˚ “ psi b s˚
j qij is a frame on E b E˚.

Suppose ξ P AkpX,EndpEqq, then, we have

p∇EndpEqξqpgq “ dξpgq ` ωpfq ^ ξpgq ` p´1qk`1ξpgq ^ ωpfq.

Proof. We first Identify the bundle EndpEq with E b E˚. Let ξ be a section of
Źk T ˚X b

EndpEq “
Źk T ˚X b E b E˚, then we can write

ξ “

r
ÿ

j“1

r
ÿ

i“1

ξij b psi b s˚
j q,

where ξij P AkpUq. Let sij denotes si b s˚
j .

We now compute

∇EndpEqξ “ ∇EndpEq

˜

r
ÿ

i“1

r
ÿ

j“1

ξij b psi b s˚
j q

¸

“

r
ÿ

i“1

r
ÿ

j“1

∇EndpEq pξij b sijq

“

r
ÿ

i“1

r
ÿ

j“1

“

dξij b sij ` p´1qkξij ^ ∇EndpEqpsi b s˚
j q

‰

“

r
ÿ

i“1

r
ÿ

j“1

dξij b sij ` p´1qk
r

ÿ

i“1

r
ÿ

j“1

ξij ^
“

p∇siq b s˚
j ` si b p∇˚s˚

j q
‰

15



Recall that
∇si “

r
ÿ

ℓ“1

ωℓipfq b sℓ

and
∇˚s˚

j “ ´

r
ÿ

k“1

ωjkpfq b s˚
k

We see that

p∇siq b s˚
j ` si b p∇˚s˚

j q “

˜

r
ÿ

ℓ“1

ωℓipfq b sℓ

¸

b s˚
j ´ si b

˜

r
ÿ

k“1

ωjkpfq b s˚
k

¸

“

r
ÿ

ℓ“1

ωℓipfq b
`

sℓ b s˚
j

˘

´

r
ÿ

k“1

ωjkpfq b psi b s˚
kq

So, it follows that

∇EndpEqξ “

r
ÿ

i“1

r
ÿ

j“1

dξij b sij ` p´1qk
ÿ

i,j

ξij ^

«

r
ÿ

ℓ“1

ωℓipfq b psℓ b s˚
j q ´

r
ÿ

k“1

ωjkpfq b psi b s˚
kq

ff

“

r
ÿ

i“1

r
ÿ

j“1

dξij b sij ` p´1qk
ÿ

i,j

«

r
ÿ

ℓ“1

ξij ^ ωℓipfq b psℓ b s˚
j q ´

r
ÿ

k“1

ξij ^ ωjkpfq b psi b s˚
kq

ff

“

r
ÿ

i“1

r
ÿ

j“1

dξij b sij ` p´1qk
ÿ

ℓ,j

˜

r
ÿ

i“1

ξij ^ ωℓipfq

¸

b sℓj ´ p´1qk
ÿ

i,k

˜

r
ÿ

j“1

ξij ^ ωjkpfq

¸

b sik

“

r
ÿ

i“1

r
ÿ

j“1

dξij b sij `
ÿ

ℓ,j

˜

r
ÿ

i“1

ωℓipfq ^ ξij

¸

b sℓj ´ p´1qk
ÿ

i,k

˜

r
ÿ

j“1

ξij ^ ωjkpfq

¸

b sik

So, we see that

p∇EndpEqξqpgq “ dξpgq ` ωpfq ^ ξpgq ` p´1qk`1ξpgq ^ ωpfq.

□

Corollary 1.32. Write ∇ “ d ` ω with ω P A1pX,EndpEqq, then we have

∇EndpEqξ “ dξ ` ω ^ ξ ` p´1qk`1ξ ^ ω

for all ξ P AkpX,EndpEqq.

Proposition 1.33 (Bianchi identity). Let E be a vector bundle with a connection ∇ and F∇
be the curvature of ∇, then we have

∇EndpEqpF∇q “ 0.

Proof. Let f, g be the frames in Lemma 1.31.
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By p1.3.1q, we see that

F∇ “

r
ÿ

j“1

F∇psjq b s˚
j “

r
ÿ

j“1

r
ÿ

i“1

Ωijpfq b si b s˚
j .

So,
F∇pgq “ Ωpfq.

Thus, we see that

p∇EndpEqF∇qpgq “ dF∇pgq ` ωpfq ^ F∇pgq ` p´1q2`1F∇pgq ^ ωpfq

“ dΩpfq ` ωpfq ^ Ωpfq ´ Ωpfq ^ ωpfq

“ Ωpfq ^ ωpfq ´ ωpfqΩpfq ` ωpfq ^ Ωpfq ´ Ωpfq ^ ωpfq

“ 0.

This implies that ∇EndpEqpF∇q “ 0. □
Proposition 1.34. Let E1 and E2 be vector bundles endowed with connections ∇1 and ∇2, re-
spectively.

p1q The curvature of the induced connection on the direct sum E1 ‘ E2 is given by

F “ F∇1 ‘ F∇2 .

p2q On the tensor product E1 b E2 the curvature is given by

F∇1 b 1 ` 1 b F∇2 .

p3q For the induced connection ∇˚ on the dual bundle E˚ one has

F∇˚ “ ´F T
∇

in the sense
ΩpF∇˚ , f˚q “ ´Ωp∇, fqT ,

where f˚ is the dual frame of f .
p4q Let f : M Ñ N be a differentiable map between real manifolds. Let E be a vector bundle

on N with a connection ∇. The curvature of the pull-back connection f˚∇ of ∇ under f is

Ff˚∇ “ f˚F∇.

Proof. p1q Let ∇ be the connection on E “ E1 ‘ E2 induced by ∇1 and ∇2, i.e.

∇ps1 ‘ s2q “ ∇1ps1q ‘ ∇2ps2q.

Then,
F ps1 ‘ s2q “ F∇ps1 ‘ s2q

“ ∇p∇ps1 ‘ s2qq

“ ∇p∇1s1 ‘ ∇2s2q

“ ∇2
1s1 ‘ ∇2

2s2

“ F∇1ps1q ‘ F∇2ps2q.
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p2q Let ∇ be the connection on E “ E1 b E2 induced by ∇1 and ∇2, i.e.

∇ps1 b s2q “ ∇1ps1q b s2 ` s1 b ∇2ps2q.

Then,
F∇ ps1 b s2q

“∇ p∇ ps1 b s2qq “ ∇ p∇1 ps1q b s2 ` s1 b ∇2 ps2qq

“∇2
1 ps1q b s2 ` p´1q1∇1 ps1q b ∇2 ps2q ` ∇1 ps1q b ∇2 ps2q ` s1 b ∇2

2 ps2q

“F∇1 ps1q b s2 ` s1 b F∇2 ps2q

p3q By Lemma 1.30, we see that

∇˚s˚
j “ ´

r
ÿ

k“1

ωjkpfq b s˚
k.

So, we have

F∇˚ps˚
j q “ ∇˚p∇˚ps˚

j qq

“ ∇˚

˜

´

r
ÿ

k“1

ωjkpfq b s˚
k

¸

“ ´

r
ÿ

k“1

∇˚ pωjkpfq b s˚
kq

“ ´

r
ÿ

k“1

pdωjkpfq b s˚
k ´ ωjkpfq ^ ∇˚s˚

kq

“ ´

r
ÿ

k“1

pdωjkpfq b s˚
kq `

r
ÿ

k“1

pωjkpfq ^ ∇˚s˚
kq

“ ´

r
ÿ

k“1

pdωjkpfq b s˚
kq ` ωjkpfq ^

r
ÿ

k“1

˜

´

r
ÿ

ℓ“1

ωkℓpfq b s˚
ℓ

¸

“ ´

r
ÿ

ℓ“1

pdωjℓpfq b s˚
ℓ q ´

r
ÿ

ℓ“1

˜

r
ÿ

k“1

ωjkpfq ^ ωkℓpfq

¸

b s˚
ℓ

Thus, we see that

ΩpF∇˚ , f˚q “ ´dωpfqT ´ pωpfq ^ ωpfqqT “ ´Ωp∇, fqT .

p4q Locally, we have that ∇ is given as d`ω. Then Ff˚∇ “ Fd`f˚ω “ dpf˚ωq`f˚pωq^f˚pωq “

f˚pdω ` ω ^ ωq “ f˚F∇. □

1.4 The Chern connection and curvature in holomorphic category
We have already known that given connections ∇1,∇2 on E1 and E2 respectively, there exists a
natural connection ∇ on the direct sum E :“ E1 ‘ E2.

Conversely, let ∇ be a connection on E “ E1‘E2. If we denote by p1 and p2 the two projections
E1 ‘E2 Ñ Ei. Since every section si of Ei can be regarded as a section of E by natural inclusion,
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we set ∇ipsiq :“ ppiq˚p∇psiqq. Then, ∇i is a connection on Ei. Indeed, since ppiq˚ is A0pMq-linear,
we see that

∇ipf ¨ siq “ ppiq˚p∇pf ¨ siqq

“ ppiq˚pdf b si ` f ¨ ∇psiqq

“ ppiq˚pdf b siq ` ppiq˚pf ¨ ∇psiqq

“ df b si ` f ¨ ppiq˚p∇psiqq

“ df b si ` f ¨ ∇ipsiq.

Thus, we obtain

Lemma 1.35. The connection ∇ on E “ E1 ‘E2 induces natural connections ∇1 and ∇2 on E1

and E2 respectively.

Let E1 be a subbundle of E with a given connection ∇ on E.

Definition 1.36. The second fundamental form of E1 Ă E with respect to the connection ∇
on E is the section b P A1pM,HompE1, E{E1qq defined for any local section s of E1 by

bpsq “ ppE{E1q˚p∇psqq.

The difference of ∇1 ‘∇2 and ∇ on E “ E1 ‘E2 can be measured by the second fundamental
form. Indeed, if E splits as E “ E1 ‘ E2 with E2 – E{E1 via the projection, then by definition,
bpsq “ pp2q˚p∇psqq “ ∇psq ´ pp1q˚p∇psqq “ ∇psq ´ ∇1psq “ ∇psq ´ p∇1 ‘ ∇2qpsq. In this case,
b P A1pM,HompE1, E2qq.

Now, consider the decomposition A1pEq “ A1,0pEq ‘ A0,1pEq and a connection ∇ on E, we
can decompose ∇ as

∇ “ ∇1,0 ‘ ∇0,1,

where ∇1,0 : A0pEq Ñ A1,0pEq and ∇0,1 : A0pEq Ñ A0,1pEq. Note that we have ∇0,1pf ¨ sq “

B̄pfq b s ` f ¨ ∇0,1psq. We have the following definition

Definition 1.37. A connection ∇ on a holomorphic vector bundle E is compatible with the
holomorphic structure if ∇0,1 “ B̄.

Theorem 1.38. Let pE, hq be a holomorphic vector bundle endowed with a Hermitian structure.
Then there exists a unique Hermitian connection ∇ compatible with the holomorphic structure.

Proof. Let W be a open subset of X and f a holomorphic frame of E. Take a holomorphic
section ξ P OXpW,Eq, we have

∇ξpfq “ pd ` ωpfqqξpfq

“ pB ` ω1,0pfqqξpfq ` pB̄ ` ω0,1pfqqξpfq,

where ω “ ω1,0 ` ω0,1 is the natural decomposition. So,

∇1,0 “ pB ` ω1,0pfqqξpfq

and
∇0,1 “ pB̄ ` ω0,1pfqqξpfq.
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Since ξ and f are holomorphic, we see that ∇0,1ξpfq “ ω0,1pfqξpfq. So, we see that ∇ is compatible
with the holomorphic structure if and only if the connection matrix ω is of type p1, 0q.

We first show the uniqueness. Suppose ∇ is a desired connection satisfying the hypothesis. Let
ωpfq be its associated connection matrix with respect to a given frame f over U . Then, by Lemma
1.17, we see that dhpfq “ ωpfqThpfq ` hpfqωpfq. Since ∇ is compatible with the holomorphic
structure, we see that ω is of type p1, 0q by the above arguement. So, by comparing the types,
we see that Bhpfq “ ωpfqThpfq and Bhpfq “ hpfqωpfq. So, this determines ωpfq “ hpfq

´1
Bhpfq

uniquely.
We now can construct a Hermitian connection ∇ compatibble with the holomorphic structure

by defining the associated connection matrix ω with ωpfq :“ hpfq
´1

Bhpfq for a given frame f
over U . Then, we see that ωpfqT “ pBhpfqqT phpfq

´1
qT “ pBhpfqqThpfq´1 as hpfq is Hermitian.

So, ωpfqThpfq “ pBhpfqqT “ Bhpfq
T

“ Bhpfq, which implies that ω is of p1, 0q type and so ∇ is
compatible with the holomorphic strucutre. Moreover, we see that dhpfq “ ωpfqThpfq`hpfqωpfq.
Thus, by Lemma 1.17, we see that the connection ∇ with connection matrix ω is a Hermitian
connection.

Now, by the uniqueness, the local pieces glue to a connection globally. □

Definition 1.39. Let pE, hq be a holomorphic vector bundle endowed with a Hermitian structure.
The unique Hermitian connection ∇ compatible with the holomorphic structure is called the Chern
connection on pE, hq.

Definition 1.40. Let E be a holomorphic vector bundle on a complex manifold X. A holomor-
phic connection on E is a C-linear map of sheaves

D : E Ñ ΩX b E

with
Dpf ¨ sq “ Bpfq b s ` f ¨ Dpsq

for any local holomorphic function f on X and any local holomorphic section s of E.

Remark. Here, E denotes both the vector bundle and the sheaf of holomorphic sections of this
bundle.

Now, let E be a holomorphic vector bundle and X “
Ť

Ui be an open covering such that there
exists holomorphic trivializations

ψi : E|Ui
– Ui ˆ Cr.

Definition 1.41. The Atiyah class

ApEq P H1pX,ΩX b EndpEqq

of the holomorphic vector bundle E is given by the Čech cocycle

ApEq “ tUij, ψ
´1
j ˝ pψ´1

ij dψijq ˝ ψju.

Proposition 1.42. A holomorphic vector bundle E admits a holomorphic connection if and only
if its Atiyah class ApEq P H1pX,ΩX b EndpEqq is trivial.
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2 Chern-Weil Theory
2.1 Invariant polynomials
Let V be a complex vector space of dimension n. A k-multilinear symmetric map

P : V ˆ ¨ ¨ ¨ ˆ V Ñ C

corresponds to an element in SymkpV q˚. So, one sees that there is a one-to-one correspondence
#

homogeneous polynomials
P̃ : V Ñ C of degree k ą 1

+

Ø

#

symmetric k-multilinear form P

such that P pX, ¨ ¨ ¨ , Xq “ P̃ pXq

+

,

where X “ px1, ¨ ¨ ¨ , xnqT P V is a column vector of n variables, via the polarization identity

P pv1, ¨ ¨ ¨ , vkq “
1

k!

ÿ

IĎt1,¨¨¨ ,ku

p´1q|I|´kP̃

˜

ÿ

iPI

vi

¸

.

In this section, we will mainly consider the case V “ glpr,Cq, the Lie algebra of complex
r ˆ r-matrices.

Definition 2.1. A symmetric k-multilinear map

P : glpr,Cq ˆ ¨ ¨ ¨ ˆ glpr,Cq Ñ C

is called invariant if for all C P GLpr,Cq and all B1, ¨ ¨ ¨ , Bk P glpr,Cq, we have

P pCB1C
´1, ¨ ¨ ¨ , CBkC

´1q “ P pB1, ¨ ¨ ¨ , Bkq.

Similarly, a polynomial function
P̃ : glpr,Cq Ñ C

is called invariant if for all C P GLpr,Cq and all B P glpr,Cq, we have

P̃ pCBC´1q “ P̃ pBq.

Lemma 2.2. A symmetric k-multilinear map

P : glpr,Cq ˆ ¨ ¨ ¨ ˆ glpr,Cq Ñ C

is invariant if and only if its associated homogeneous polynomial

P̃ : glpr,Cq Ñ C

is invariant.

Proof. This follows from the polarization identity. □

Example 2.3. p1q The determinant function

det : glpr,Cq Ñ C
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is an invariant polynomial as it is independent of the change of bases.
p2q The trace function

tr : glpr,Cq Ñ C

is an invariant polynomial as it is independent of the change of bases.

Proposition 2.4. The k-multilinear symmetric map P is invariant if and only if

k
ÿ

j“1

P pB1, ¨ ¨ ¨ , Bj´1, rB,Bjs, Bj`1, ¨ ¨ ¨ , Bkq “ 0

for all B,B1, ¨ ¨ ¨ , Bk P glpr,Cq.

Proof. ñ: Let Xjptq “ etBBje
´tB, then

d

dt
P pX1ptq, ¨ ¨ ¨ , Xkptqq “

k
ÿ

j“1

P

ˆ

X1ptq, ¨ ¨ ¨ ,
d

dt
Xjptq, ¨ ¨ ¨ , Xkptq

˙

“

k
ÿ

j“1

P
`

X1ptq, ¨ ¨ ¨ , BetBBje
´tB ´ etBBjBe

´tB, ¨ ¨ ¨ , Xkptq
˘

Thus,
d

dt

ˇ

ˇ

ˇ

ˇ

t“0

P pX1ptq, ¨ ¨ ¨ , Xkptqq “

k
ÿ

j“1

P pB1, ¨ ¨ ¨ , BBj ´ BjB, ¨ ¨ ¨ , Bkq “ 0.

ð: Let F ptq “ P pX1ptq, ¨ ¨ ¨ , Xkptqq. If the above equation holds for every Bj and B P glpr,Cq,
in particular for Xjptq and B, it follows that

F 1ptq “ 0, @t P R.

Therefore,
F ptq “ F p0q “ P pB1, ¨ ¨ ¨ , Bkq.

This implies that the map g ÞÑ P pgB1g
´1, ¨ ¨ ¨ , gBkg

´1q is constant on a neighborhood of Id P

GLpr,Cq, for fixed B1, ¨ ¨ ¨ , Bk P glpr,Cq. But GLpr,Cq is connected Lie group and the considered
map is analytic, thus it has to be constant on whole GLpr,Cq. □

We would like to extend the k-multilinear map to A˚pX,EndpEqq, where E is a vector bundle
over X.

Let P be an invariant k-multilinear symmetric form on glpr,Cq. Then for any vector bundle
E of rank r and any partition m “ i1 ` ¨ ¨ ¨ ` ik, we can define a naturally induced k-linear map

P : Ai1pX,EndpEqq ˆ ¨ ¨ ¨ ˆ AikpX,EndpEqq Ñ Am
C pXq

by
pα1 b t1, ¨ ¨ ¨ , αk b tkq ÞÑ pα1 ^ ¨ ¨ ¨ ^ αkqP pt1, ¨ ¨ ¨ , tkq.
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Lemma 2.5. For any forms γj P AijpX,EndpEqq one has

dP pγ1, ¨ ¨ ¨ , γkq “

k
ÿ

j“1

p´1q
řj´1

ℓ“1 iℓP
`

γ1, ¨ ¨ ¨ ,∇EndpEq pγjq , ¨ ¨ ¨ , γk
˘

,

where ∇EndpEq denotes the induced connection on EndpEq.

Proof. We will prove this statement by local calculation. We may write ∇ “ d ` ω with
ω P A1pX,EndpEqq. By Lemma 1.31, we see that

dP pγ1, ¨ ¨ ¨ , γkq “

k
ÿ

j“1

p´1q
řj´1

ℓ“1 iℓP pγ1, ¨ ¨ ¨ , dγj, ¨ ¨ ¨ , γkq

“

k
ÿ

j“1

p´1q
řj´1

ℓ“1 iℓP pγ1, ¨ ¨ ¨ ,∇EndpEqγj ´ ω ^ γj ´ p´1qij`1γj ^ ω, ¨ ¨ ¨ , γkq

“

k
ÿ

j“1

p´1q
řj´1

ℓ“1 iℓP pγ1, ¨ ¨ ¨ ,∇EndpEqγj, ¨ ¨ ¨ , γkq ´

k
ÿ

j“1

p´1q
řj´1

ℓ“1 iℓP pγ1, ¨ ¨ ¨ , ω ^ γj, ¨ ¨ ¨ , γkq

`

k
ÿ

j“1

p´1q
řj

ℓ“1 iℓP pγ1, ¨ ¨ ¨ , γj ^ ω, ¨ ¨ ¨ , γkq

It remains to show that

´

k
ÿ

j“1

p´1q
řj´1

ℓ“1 iℓP pγ1, ¨ ¨ ¨ , ω ^ γj, ¨ ¨ ¨ , γkq `

k
ÿ

j“1

p´1q
řj

ℓ“1 iℓP pγ1, ¨ ¨ ¨ , γj ^ ω, ¨ ¨ ¨ , γkq “ 0

or equivalently,

p´1qij
k

ÿ

j“1

P pγ1, ¨ ¨ ¨ , γj ^ ω, ¨ ¨ ¨ , γkq ´

k
ÿ

j“1

P pγ1, ¨ ¨ ¨ , ω ^ γj, ¨ ¨ ¨ , γkq “ 0.

We may assume that γj “ αj b Bi with αj P AijpXq and ω “ α b B with α P A1pXq. Then,

Left Hand Side “ p´1qijpα1 ^ ¨ ¨ ¨ ^ pαj ^ αq ¨ ¨ ¨ ^ αkq

k
ÿ

j“1

P pB1, ¨ ¨ ¨ , rBj, Bs, ¨ ¨ ¨ , Bkq

“ 0.

□

Corollary 2.6. Let F∇ be the curvature of an arbitrary connection ∇ on a vector bundle E of
rank r. Then for any invariant homogeneous polynomial P̃ of degree k on glpr,Cq, the induced
k-form P̃ pF∇q P A2k

C pXq is closed.

Proof. Let P : glpr,Cq ˆ ¨ ¨ ¨ glpr,Cq Ñ C be the k-multilinear symmetric map such that

P pB, ¨ ¨ ¨ , Bq “ P̃ pBq.
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Then,
dP̃ pF∇q “ dP pF∇, ¨ ¨ ¨ , F∇q

“

k
ÿ

j“1

p´1q
řj´1

ℓ“1 iℓP
`

F∇, ¨ ¨ ¨ ,∇EndpEq pF∇q , ¨ ¨ ¨ , F∇
˘

“ 0

as ∇EndpEqpF∇q “ 0 by Bianchi identity. □

Thus, for any invariant k-multilinear symmetric map P on glpr, Cq and any vector bundle E
of rank r, one can associate a de Rham cohomology class rP̃ pF∇qs P H2k

dRpX,Cq as the induced
k-form P̃ pF∇q P A2k

C pXq is closed. Moreover, this class is independent of the chosen connection
due to the following results.

Lemma 2.7. Let ∇ be a connection on a vector bundle E and A P A1pX,EndpEqq. Then,

F∇`A “ F∇ ` ∇EndpEqpAq ` A ^ A.

Proof. Let ξ be a section on E. Then

F∇`Apξq “ p∇ ` Aq ˝ p∇ ` Aqpξq

“ p∇ ` Aqp∇ξ ` Aξq

“ ∇2pξq ` Ap∇ξq ` ∇pAξq ` pA ^ Aqpξq

“ F∇pξq ` Ap∇ξq ` ∇pAξq ` pA ^ Aqpξq.

It remains to verify that
p∇EndpEqAqpξq “ Ap∇ξq ` ∇pAξq.

We verify this statement locally. Let f “ ps1, ¨ ¨ ¨ , srq
T be a frame over U on E and f˚ “

ps˚
1 , ¨ ¨ ¨ , s˚

r qT be the dual frame on E˚. Then, g :“ f b f˚ “ psi b s˚
j qij is a frame on E b E˚.

Thus,

rAp∇ξq ` ∇pAξqspfq “ Apgq ^ rd ` ωpfqsξpfq ` drApgqξpfqs ` ωpfq ^ Apgqξpfq

“ Apgq ^ dξpfq ` Apgq ^ ωpfqξpfq

` rdApgqs ¨ ξpfq ` p´1q1Apgq ^ dξpfq ` ωpfq ^ Apgqξpfq

“ Apgq ^ ωpfqξpfq ` rdApgqs ¨ ξpfq ` ωpfq ^ Apgqξpfq

“ p∇EndpEqAqpgqξpfq pby Lemma 1.31q

“ rp∇EndpEqAqpξqspfq.

□

Proposition 2.8. If ∇0 and ∇1 are two connections on the same bundle E, then P̃ pF∇0q is
cohomologous to P̃ pF∇1q in de Rham cohomology group, i.e.

rP̃ pF∇0qs “ rP̃ pF∇1qs P H2k
dRpX,Cq

if P : glpr,Cq ˆ ¨ ¨ ¨ ˆ glpr,Cq Ñ C is a symmetric k-multilinear map.
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Proof. Let ∇1 “ ∇0 ` A for some A P A1pX,EndpEqq. Consider a path of connections
∇t :“ ∇0 ` tA between ∇0 and ∇1. Denote by Ft :“ F∇t .

Let us compute the derivative in t at t “ t0 of P̃ pFtq. First note that, by Lemma 2.7, we see
that

Ft “ F∇t “ F∇t0`pt´t0qA “ Ft0 ` pt ´ t0q∇EndpEq
t0 A ` pt ´ t0q

2A ^ A,

i.e.
Ft ´ Ft0

t ´ t0
“ ∇EndpEq

t0 A ` pt ´ t0qA ^ A.

d

dt

ˇ

ˇ

ˇ

ˇ

t“t0

Ft “ lim
tÑt0

Ft ´ Ft0

t ´ t0
“ lim

tÑt0

´

∇EndpEq
t0 A ` pt ´ t0qA ^ A

¯

“ ∇EndpEq
t0 A.

Therefore,
d

dt

ˇ

ˇ

ˇ

ˇ

t“t0

P̃ pFtq “
d

dt

ˇ

ˇ

ˇ

ˇ

t“t0

P pFt, ¨ ¨ ¨ , Ftq

“

k
ÿ

j“1

P pFt0 , ¨ ¨ ¨ ,
d

dt

ˇ

ˇ

ˇ

ˇ

t“t0

Ft, ¨ ¨ ¨ , Ft0q

“

k
ÿ

j“1

P pFt0 , ¨ ¨ ¨ ,∇EndpEq
t0 A, ¨ ¨ ¨ , Ft0q

“ kP pFt0 , ¨ ¨ ¨ , Ft0 ,∇
EndpEq
t0 Aq.

By Lemma 2.5 and Bianchi identity, we see that

dP pFt0 , ¨ ¨ ¨ , Ft0 , Aq “

k´1
ÿ

j“1

P pFt0 , ¨ ¨ ¨ ,∇EndpEq
t0 pFt0q, ¨ ¨ ¨ , Ft0 , Aq ` P pFt0 , ¨ ¨ ¨ , Ft0 ,∇

EndpEq
t0 pAqq

“ P pFt0 , ¨ ¨ ¨ , Ft0 ,∇
EndpEq
t0 pAqq.

So, it follows that
d

dt

ˇ

ˇ

ˇ

ˇ

t“t0

P̃ pFtq “ dP pFt0 , ¨ ¨ ¨ , Ft0 , kAq.

Let βt “ P pFt, ¨ ¨ ¨ , Ft, kAq. Then, we see that

d

dt

ˇ

ˇ

ˇ

ˇ

t“t0

P̃ pFtq “ dβt0

for all 0 ď t0 ď 1, i.e.
d

dt
P̃ pFtq “ dpβtq.

Thus,
ż 1

0

d

dt
P̃ pFtqdt “

ż 1

0

dpβtqdt “ d

ˆ
ż 1

0

βtdt

˙

.

While,
ż 1

0

d

dt
P̃ pFtqdt “ P̃ pFtq

ˇ

ˇ

ˇ

ˇ

1

0

“ P̃ pF1q ´ P̃ pF0q.
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This implies that P̃ pF1q ´ P̃ pF0q is an exact form. Thus, rP̃ pF∇0qs “ rP̃ pF∇1qs. □

To summarize, we have

Theorem 2.9 (Chern-Weil). Let ∇ be a connection on a vector bundle E of rank r and F∇ be
the curvature of ∇. Suppose

P : glpr,Cq ˆ ¨ ¨ ¨ ˆ glpr,Cq Ñ C

is an invariant symmetric k-multilinear map. Then,
p1q The induced k-form P̃ pF∇q P A2k

C pXq is closed.
p2q The cohomology class rP̃ pF∇qs P H2k

dRpX,Cq is independent of the choice of connection ∇.

2.2 Chern classes, Chern characters and their properties
As we know, the determinant function det : glpr,Cq Ñ C is an invariant polynomial. So, the
function

B ÞÑ detpI ` Bq

is also an invariant polynomial. Let tP̃ku be the homogeneous components of B ÞÑ detpI ` Bq,
i.e. tP̃ku are homogenous polynomials defined by

detpI ` Bq “ 1 ` P̃1pBq ` ¨ ¨ ¨ ` P̃rpBq.

Then, P̃kpBq are also invariant polynomials.
Now, let E be a vector bundle of rank r with a connection ∇ over a real manifold X. Let F∇

be the curvature of ∇.

Definition 2.10. The closed differential form

ckpE,∇q :“ P̃k

ˆ

i

2π
F∇

˙

P A2k
C pXq

is called the k-th Chern form of pE,∇q.

Definition 2.11. The k-th Chern class of E is defined to be the induced cohomology class

ckpEq :“ rckpE,∇qs P H2k
dRpX,Cq.

In particular, c0pEq “ 1 and ckpEq “ 0 for k ą r.
The total Chern class of E is

cpEq :“ c0pEq ` ¨ ¨ ¨ ` crpEq P H2˚
dRpX,Cq.

Similarly, the trace function tr : glpr,Cq Ñ C is an invariant polynomial, which induces an
invariant map

B ÞÑ trpeBq.
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Let tQ̃ku be the homogeneous polynomials of degree k defined by

trpeBq “ Q̃0pBq ` Q̃1pBq ` ¨ ¨ ¨ ` Q̃kpBq ` ¨ ¨ ¨

Definition 2.12. The k-th Chern character chkpEq P H2k
dRpX,Cq of E is defined as the coho-

mology class
chkpEq “ rchkpE,∇qs,

where
chkpE,∇q :“ Q̃k

ˆ

i

2π
F∇

˙

P A2k
C pXq.

The total Chern character is

chpEq :“ ch0pEq ` ¨ ¨ ¨ ` chrpEq ` chr`1pEq ` ¨ ¨ ¨

Now, if we consider another function

B ÞÑ
detptBq

detpI ´ e´tBq
,

we obtain a collection of polynomials tT̃ku defined by the expansion

detptBq

detpI ´ e´tBq
“

ÿ

k

T̃kpBqtk.

Clearly, T̃k is homogeneous of degree k and invariant.

Definition 2.13. The k-th Todd class tdkpEq P H2k
dRpX,Cq of E is defined as the cohomology

class
tdkpEq “ rtdkpE,∇qs,

where
tdkpE,∇q :“ T̃k

ˆ

i

2π
F∇

˙

P A2k
C pXq.

The total Todd class is

tdpEq :“ td0pEq ` ¨ ¨ ¨ ` tdrpEq ` tdr`1pEq ` ¨ ¨ ¨

Let us now study some of the natural operations for vector bundles and see how the charac-
teristic classes behave in these situations.

Proposition 2.14. Let E “ E1 ‘ E2 be endowed with the direct sum ∇ of the connections ∇1

and ∇2 on E1 and E2 respectively. Then,
p1q cpE,∇q “ cpE1,∇1q ¨ cpE2,∇2q.
p2q cpEq “ cpE1q ¨ cpE2q.
p3q chpEq “ chpE1q ` chpE2q.
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Proof. p1q The curvature F∇ of ∇ satisfies F∇ “ F∇1 ‘ F∇2 . Thus,

cpE,∇q “ det

ˆ

IE `
i

2π
F∇

˙

“ det

ˆ

pIE1 `
i

2π
F∇1q ‘ pIE2 `

i

2π
F∇2q

˙

“ det

ˆ

IE1 `
i

2π
F∇1

˙

¨ det

ˆ

IE2 `
i

2π
F∇2

˙

“ cpE1,∇1q ¨ cpE2,∇2q.

p2q cpEq “ rcpE,∇qs “ rcpE1,∇2q ¨ cpE2,∇2qs “ rcpE1,∇1qs ¨ rcpE2,∇2qs “ cpE1q ¨ cpE2q.
p3q Since

chpE,∇q “ tr
´

e
i
2π

F∇
¯

“ tr
´

e
i
2π

F∇1 ‘ e
i
2π

F∇2

¯

“ tr
´

e
i
2π

F∇1

¯

` tr
´

e
i
2π

F∇2

¯

“ chpE1,∇1q ` chpE2,∇2q.

Thus, it follows that chpEq “ chpE1q ` chpE2q. □

Corollary 2.15. p1q ckpE1 ‘ E2q “

k
ÿ

i“0

cipE1q Y ck´ipE2q.

p2q chkpE1 ‘ E2q “ chkpE1q ` chkpE2q.

Proof. Simply by comparing the degree. □

Proposition 2.16. Let E1 and E2 be two vector bundles, then

chpE1 b E2q “ chpE1q ¨ chpE2q.

Proof. Let ∇1 and ∇2 be connections on E1 and E2 respectively. Let ∇ be the induced
connection ∇1 b 1 ` 1 b ∇2 on the tensor product E “ E1 b E2. By Proposition 1.34p2q, we see
that F∇ “ F∇1 b 1 ` 1 b F∇2 . Recall that eA “

ř8

k“0
1
k!
Ak, we have

eλpF∇1
b1`1bF∇2

qps1 b s2q “

8
ÿ

k“0

λk

k!
pF∇1 b 1 ` 1 b F∇2q

k
ps1 b s2q

“

8
ÿ

k“0

λk

k!

˜

k
ÿ

i“0

ˆ

k

i

˙

F i
∇1

ps1q b F k´i
∇2

ps2q

¸

“

8
ÿ

k“0

˜

k
ÿ

i“0

λi

i!
F i
∇1

ps1q b
λk´i

pk ´ iq!
F k´i
∇2

ps2q

¸

“

«

8
ÿ

i“0

λi

i!
F i
∇1

ps1q

ff

b

«

8
ÿ

j“0

λj

j!
F j
∇2

ps2q

ff

“ eλF∇1 ps1q b eλF∇2 ps2q

“ eλF∇1 b eλF∇2 ps1 b s2q
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for all sections s1, s2 on E1 and E2 respectively. Thus,

eλpF∇1
b1`1bF∇2

q “ eλF∇1 b eλF∇2 .

Thus, we see that
chpEq “ tr

´

e
i
2π

F∇
¯

“ tr
´

e
i
2π

pF∇1
b1`1bF∇2

q
¯

“ tr
´

e
i
2π

F∇1 b e
i
2π

F∇2

¯

“ tr
´

e
i
2π

F∇1

¯

¨ tr
´

e
i
2π

F∇2

¯

“ chpE1q ¨ chpE2q.

So, we conclude that
chpE1 b E2q “ chpE1q ¨ chpE2q.

□

Proposition 2.17. Let E be a vector bundle of rank r and L a line bundle, then

cipE b Lq “

i
ÿ

j“0

ˆ

r ´ j

i ´ j

˙

cjpEq Y c1pLqi´j.

Proof. content... □

Proposition 2.18. Let E be a vector bundle with a connection ∇ and E˚ be the dual bundle with
the natural connection ∇˚. Then,

ckpE˚,∇˚q “ p´1qkckpE,∇q.

In particular,
ckpE˚q “ p´1qkckpEq.

Proof. Recall that by Proposition 1.34p3q, we have F∇˚ “ ´F T
∇ . Thus, we see that

det

ˆ

I `
i

2π
F∇˚

˙

“ det

ˆ

I ´
i

2π
F T
∇

˙

“ det

ˆ

I ´
i

2π
F∇

˙

Let tP̃ku be the homogeneous components of B ÞÑ detpI ` Bq, i.e. tP̃ku are homogenous polyno-
mials defined by

detpI ` Bq “ 1 ` P̃1pBq ` ¨ ¨ ¨ ` P̃rpBq.

Then, we have

ckpE˚,∇˚q “ P̃k

ˆ

i

2π
F∇˚

˙

“ P̃k

ˆ

´
i

2π
F∇

˙

“ p´1qkP̃k

ˆ

i

2π
F∇

˙

“ p´1qkckpE,∇q.

Take cohomology class, we obtain

ckpE˚q “ p´1qkckpEq.

□
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Proposition 2.19. Let f : M Ñ N be a differentiable map between real manifolds and let E be
a vector bundle on N endowed with a connection ∇. Then,

ckpf˚E, f˚∇q “ f˚ckpE,∇q.

Proof. By Proposition 1.34p4q, we have Ff˚∇ “ f˚F∇. Let tP̃ku be the homogeneous components
of B ÞÑ detpI ` Bq, i.e. tP̃ku are homogenous polynomials defined by

detpI ` Bq “ 1 ` P̃1pBq ` ¨ ¨ ¨ ` P̃rpBq.

Then, we have

ckpf˚E, f˚∇q “ P̃k

ˆ

i

2π
Ff˚∇

˙

“ P̃k

ˆ

i

2π
f˚F∇

˙

“ f˚P̃k

ˆ

i

2π
F∇

˙

“ f˚ckpE,∇q.

□

Proposition 2.20. The first Chern class of the line bundle Op1q on CP1 satisfies the normaliza-
tion

ż

CP1

c1pOp1qq “ 1.

Proof. content... □

Proposition 2.21. Let E be a vector bundle, then the total Chern class is real, i.e.

cpEq P H˚pX,Rq.

Proof. Pick an Hermitian metric on the vector bundle E and consider an Hermitian connection
∇, which always exists. Then locally and with respect to an Hermitian trivialization of E the
curvature satisfies the equation

F ˚
∇ “ F∇

T
“ ´F∇.

Thus, we see that
i

2π
F∇ “

i

2π
F T
∇ .

So,
cpE,∇q “ det

ˆ

I `
i

2π
F∇

˙

“ det

ˆ

I `
i

2π
F T
∇

˙

“ det

ˆ

I `
i

2π
F∇

˙

“ det

ˆ

I `
i

2π
F∇

˙

“ cpE,∇q.

We see that cpE,∇q is a real form. Thus,

cpEq P H˚pX,Rq.

30



□

Definition 2.22. Let E be a vector bundle of rank r over X. A splitting map f : Y Ñ X for
E is a map such that

f˚E “ L1 ‘ ¨ ¨ ¨ ‘ Ln

is the whitney sum of line bundles Li and f˚ : H˚pXq Ñ H˚pY q is an injective map. We call Y a
splitting manifold of E.

Proposition 2.23 (Splitting principle). Every vector bundle E of finite rank over X admits
a splitting map f : Y Ñ X with Y a splitting manifold of E.

We will not prove this result at this moment.

2.3 Comparison of approaches to the first Chern class
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