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1 Geometry of Hermitian Vector Bundles

1.1 Hermitian vector bundles and metrics

Let 7 : E — X be a complex rank £ bundle over some real manifold X. We do not assume for
the moment that X has an almost complex structure. Let I'(U, F) denotes the vector space of all
smooth sections of £ over U.
In this section, vector bundles are all refered to differentiable complex vector bundles over a
differentiable manifold, £ — X.

Definition 1.1. Let E — X be an complex vector bundle of rank r and let U be an open subset
of X. A (moving) frame for E over U is a set of r smooth sections {s1,--- ,s,}, s; € I'(U, E),
such that {s1(x), -, s.(x)} is a basis for E, for any x € U.

Proposition 1.2. Any complex vector bundle E admits a frame in some neighborhood of any
given point in the base space.

Proof.  Let U be a trivializing neighborhood for F so that

hZE|UL>UXCT

is a bundle chart. Thus we have an isomorphism

he : T(U, Ely) — T(U,U x C7).
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Counsider the vector-valued functions
€1 = <1a07 70)a62 = (0717 a0)7"' y € = (07 a071)7

which clearly form a constant frame for U x C", and thus {(h.) '(e1), -, (hs)"*(e,)} forms a
frame for F|y, since the bundle mapping h is an isomorphism on fibres, carrying a basis to a basis.
0

Remark. We see that having a frame is equivalent to having a trivialization and that the existence
of a global frame defined over X is equivalent to the bundle being trivial.

Suppose that F — X is a vector bundle of rank r and that f7 = (s, ,s,) is a frame at z € X;
i.e., there is a neighborhood U of x and sections {si,---,s,}, s; € I'(U, E), which are linearly
independent at each point of U.

Let ¢ : U — GL(r,C) is a differentiable mapping, i.e. (z) = (¢4;(z)), where ¢;;(z) is a
C-valued differentiable map for all z € U. Then there is an action of ¥ on the set of all frames on
the open set U defined by

f'_)wf7

where .
(Y- f)(z) = (Z V1i(x)si(x), - - Z%(x)a(w)) , wel,
i—1 i=1
is also a frame. Clearly, (¢ - f)(z) = ¢¥(x) - f(z), where we use the usual matrix product.

Definition 1.3. The above map ¢ : U — GL(r,C) is called a change of frame.

Remark. Given any two frames f and f' over U, we see that there exists a change of frame 1

defined over U such that f' =1 - f.

Let f7 = (s, ,s,) be a frame over U for E and ¢ € T'(U, E'). Then
5 = Zgl(f>827
i=1

where £'(f) € C*(U) are uniquely determined smooth functions on U. This induces a map

[(U,E) = C*(U)" =~ T(U,U x C")

by
&)
E=&(f) =1
¢§"(f)
Proposition 1.4. Suppose that 1 = (sy, -+ ,s,) is a frame over U and ¢ is a change of frame

over U. Then &(y - f) = (7)1 €(f).



Proof. ~ We see that

&=, W f) (Z ¢ij3j) = 2252 F)bis;.

Jj=1li=1

Compared with £ = Z & (f)s;, we see that
j=1

for all j. Equivalently,

or

If E is a holomorphic vector bundle, then we can define the holomorphic frames similarly,
ie, fI'=(s1,+,8:),5 € Ox(U, E),and sy A+ - As,.(z) # 0, for x €; and holomorphic changes
of frame, i.e., holomorphic mappings ¢ : U — GL(r, C). Correspondingly, if £ € Ox (U, E), then
£(f) e Ox(U)".

Definition 1.5. A Hermitian metric or Hermitian structure h on a vector bundle E — X
is a smooth field of Hermitian inner products on the fibers of E, that is, for every x € X,

h,: E, x B, —C

satisfies
(1) hy(u,v) is C-linear in u for every v € E,.
(2) hy(u,v) = Hy(v,u), Yu,ve E,.
(3) hy(u,u) >0, Yu # 0.
(4) hy(u,v) is a smooth function on X for every smooth sections u,v of E.

Remark. It is clear from the above conditions that h is C—antilinear in the second variable. The
third condition shows that h is non—degenerate. In fact, it is quite useful to think to h as to a
C—-antilinear isomorphism h : E — E*.

Moreover, we see that h,(iu,iv) = hy(u,v) for all u,v e E,.

Definition 1.6. A wvector bundle E equipped with a Hermitian metric h is called a Hermitian
vector bundle.

Suppose that £ — X is a Hermitian vector bundle and that f = (s, -+ ,s,) is a frame for
E — X over some open set U. Define

h(f)ij = h(Sz‘, 5j)



and let
h(f) = [h(f)i]
be the  x r matrix of the C'* functions {h(f);;}, where r = rank E. We see that h(f) is a positive

definite Hermitian symmetric matrix and is a local representative for the Hermitian metric A with
respect to the frame f.

Theorem 1.7. Fvery rank r complex vector bundle E — X admits a Hermitian metric.

1.2 Connections

Let X be a real manifold and 7 : £ — X be a complex vector bundle on X. We denote by
A" (X, E) the sheaf of i-forms with values in F, i.e.

Al(X,E) =T (X, N (T x)® E> ,

where we adopt the notation ® := ®c«(x). Let End(£) be the C*(X)-endomorphisms bundle of
E, i.e. EHd(E) = Homcw(x)(E, E) = b~ ®C°C(X) E.

Definition 1.8. A connection on a vector bundle E is a C-linear sheaf morphism
V:AYX,E) > AYX,E)

which satisfies the Leibniz rule
V(f-s)=df s+ f-V(s)

for any function f on M and local section s of E.

Definition 1.9. A section s of a vector bundle E is called parallel or flat with respect to a
connection V on E if V(s) = 0.

Proposition 1.10. If V and V' are two connections on a vector bundle E, then V — V' is
C*(X)-linear.
In particular, V — V' € AH(X,End(E)).
Proof.  For any f e C*(M), by Leibniz rule, we have
V(f-s)=df ®s+ f-V(s)

and
V'(f-s)=df @s+ [ V(s).
Thus,
(V=VI)(f-s)=f-(V=V)(s)
Note that V — V' can be identified with a global section of

1 1 1
Homee x) <E N T"X® E) ~ E*Qcon [\ T"X®E = /\ T"X @ Endes(x)(E).

So, V — V' € A'(X, End(E)). O



Proposition 1.11. If V is a connection on E and a € A'(M,End(E)), then V + a is again a
connection on F.

Proof.  For any f € A°(M), we have a(s-s) = f-a(s). Thus, we see that (V + a)(f -s) =
V(f-s)+a(f-s)=df s+ f-V(s)+ f-als) =df s+ f-(V+a)(s). So, V +a is a connection
on L. 0

By the definition of affine space over a vector space, we have:

Corollary 1.12. The set of all connections on a vector bundle E is an affine space over the
complez vector space A'(M,End(E)) in a natural way.

We now give a local description of a connection V on a vector bundle £ — X.

Definition 1.13. Let f be a frame over U for a vector bundle E — X, equipped with a connection
V. We define the connection matriz w(V, f) by setting

w(V, f) = (wi(V, f)),

where w;;(V, f) are complex-valued 1-forms in U with
Visj) = Y wiy(V.f) ®s. (1.2.1)
i=1

We abuse the notation w(f) = w(V, f) and w;;(f) = wij(V, f) when there is no danger of confusion.
Remark. The equation (1.3.3) can be written as

Vif=w-f
Note that V is not C*(X)-linear, so we don’t have (VE)(f) = w(f) - &(f) in general.

Proposition 1.14. Let U be an open subset of X, and let fT = (sy, -+ ,s,) be a frame over U.
Then, locally we have

V =d+w(f),
where w(f) is the connection matriz of V with respect to f, in the sense (VE)(f) = [d+w(f)]E(f).

Proof.  For an arbitrary section £ of E over U, we can write it as

£= 2.8 Ns: (1.2.2)



where £'(f) are complex-valued C*-functions in U. Then we have
VE= 2, V(E()s)
= Z (d€’ (f) @ s; + & (F)V(s5))

= Z (dfj(f)®3j +€j(f)2wz'j(f)®3z>

= 2 A8 (f) @3+ (ijk(f)ék(f)) ®s;.

Thus, we see that
(VE(f) = de(f) +w(H)E(f) = [d + w(f)IECS).
Thus, we have V = d 4+ w(f), where we have set

d¢'(f)
aif)=1 + |
dg"(f)
by thinking of d + w(f) as being an operator acting on vector-valued functions. 0J

Example 1.15. Let E; and E, be two vector bundles on M endowed with connections Vi and
V.
(1) If s; and sy are local sections of Ey and E,, we set

V(Sl @ 82) = Vl(sl) &) VQ(SQ).

This defines a natural connection on the direct sum E, @ Es.
(2) If s1 and sy are local sections of Ey and E,, we set

V(Sl X 82) = V1<Sl) Qs+ 51X VQ(SQ).

This defines a natural connection on the tensor product Fy ® Eo. It is routine to check that V is
well-defined and indeed a connection.

(3) Let f : Ey — E5 be a morphism of vector bundles, i.e. f is a section on Hom(FEy, Es). Let
s1 be a local section of Ey, then f(s1) = f o sy is a local section on Ey. A natural connection

V7 A(X, Hom(Ey, Ey)) — A'(X, Hom(E, E))
on Hom(E1, Ey) can be defined by
f=Viy,
where
(V7f)(s1) = Va(f(51)) = f(Vi(s1))-

In the second term, f is applied to V1(s1) according to f(a®t) = a® f(t) for a € AH(X,E) and
te AX,E).



Note that VH f sends a section of E, to a section of T*X ® E,, we can consider VI as a
morphism VEf : By — T*X ® Ey of vector bundles. So, VI f € I'Hom(E,, T*X ® E,)) =
DN(T*X @ Bf ® By) =~ T(T*X ® Hom(E1, Ey)) = AY(X, Hom(E), Fs)).

(4) Let E be a vector bundle equipped with a connection V. Take Ey = E and Fy = X x C to
be the trivial bundle with trivial connection d. Then we have a connection V* on the dual bundle
E* by

VH(f)(s) = d(f(5)) — F(V(s)).

(5) Let f: M — N be a differentiable map and let V be a connection on a vector bundle E
over N. Let ¥V over an open subset U; € N be of the form d + w; (after trivializing E|y,). Then
the pull-back connection f*V on the pull-back vector bundle f*E over M is locally defined by

f*v|f—1(Ui) =d+ f*wi.
It is straightforward to see that the locally given connections glue to a global one on f*E.

Definition 1.16. Let (E,h) be an Hermitian vector bundle. A connection V on E is an Her-
mitian connection with respect to h if for any local sections si, so one has

d(h(Sl, 82)) = ]’L(V(Sl), Sg) + h(Sl, V(Sg))

Lemma 1.17. Let (E, h) be an Hermitian vector bundle. A connection V on E is an Hermitian
connection with respect to h if and only if

dh(f) = w(f)" - h(f) + h(f) - w(f)

for all frames f = (s1,--,s.)7L.

Proof.  First, let f = (s1,---,s,.)T be any frame and that V an Hermitian connection with
respect to h on E. Then we see that

dh(f)” = dh(Si, Sj)
= h(V(S», Sj) + h(3i>v(‘9j))

=h (ZT: wWri([f) ®3k>3j> +h <3iaiwéj<f) ®84>

(=1

= Z wki (f) sk, $5) + Z wei (f)R(si, Se)

(=1

= S (D + D wer (DS

So, we have

dh(f) = w(f)" - h(f) + h(f) - w(f).

Conversely, suppose dh(f) = w(f)T-h(f)+h(f)-w(f) is satisfied for all frames f. Then, in terms



of a local frame, one obtains immediately

Il
U
=
N
=
=
S
as
—~
=
_|_
=
=
=
—~
=
S
£
=
+
=
=
—
~
J
"
—~
=
_|_
3
=
=
~
QL
I
—~
=

Definition 1.18. A frame f is called unitary if h(f) = 1.
Lemma 1.19. Unitary frames always exists near a given point xg € U.

Proof. ~ The Gram-Schmidt orthogonalization process allows one to find r local sections which
form an orthonormal basis for E, at all points x near x. 0

Lemma 1.20. Let ¢ be a change of frame, then

" +w(f) T =" w(@ - f).
Proof.  Suppose ¥+ f = (X, ¥1si, -, 2 risi)T = (e1,++ ,e.)t. Then,

V(e;) = Z%‘(%U ) ®e;

On the other hand,
\Y4 (Z ¢jk8k> = Z dj @ si, + Zzwke(f)%‘z ® Sk
k k k¢
= Z (d%’k + Zwké(f)%’e) & Sk-
k ¢
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By comparing coefficients, we obtain
N wig (- Pt = dipge + > wre(f)ibye
i ¢

for each j, k. It follows that
T -w(y - f) = dyT +w(f) -7
O

Proposition 1.21. Let E — X be a Hermitian vector bundle. Then there exists an Hermitian
connection V on E with respect to the Hermitian metric h on E.

Proof.  We can find a locally finite covering U, and unitary frames f, defined in U,. Then

dh(f) = w(f)" - h(f) + h(f) - w(f)
becomes L
0=w(f)" +w(f)

for a unitary frame; i.e., w(f,) is to be skew-Hermitian.
In each U, we can choose the trivial skew-Hermitian matrix of the form w, = 0; i.e., w(f,) = 0.
If we make a change of frame in U,, then we see that we require that

W - fo) = (W7 HdyT
by Lemma 1.20. Therefore, define w(v - f,) by (¢¥7)~tdyT, then we see that

h(¥ - fo)ke = hlex,e) = h (Z ¢kisi72¢€jsj>
i j
= > Unitbish(si, 5)
i
= D it fa)ij
i
- (Wl(fa)%T)ke'
So,
B+ fo) = VR(f)O =00
It follows that L
dh(y - fo) =d(¥-4¢)
=dy -+ dy
—dy- g g @)
= w(¢ ’ fa)T ’ h(w : fa> + h(w ’ fa) W(¢ ’ foz)>

which verifies the compatibility.
Let {¢a} be a partition of unity subordinate to {U,} and let D, be the connection in E|y,
defined by

T

(Dag)(fa) = df(fa)a

9



in which cases w(Dy, fo) = 0. In general, D, is defined with respect to other frames over U, by

(Daf)(w ) foc) = df(@/) ) foz) + W(Da77v/} ’ fa)g(d} ’ foz):

where w(Dq, 1 - fo) = (7)) 1dyT. By the above discussion, we see that D, is an Hermitian
connection with respect to h on E. Now, let D = > ¢,D,, which is an Hermitian connection
with respect to h on E as

h(DE,n) + h(&, Dn) = Zwa Da&,n) + h(&, Dan)] = Y adh(&,n) = dh(&,n).

1.3 Curvature

Proposition 1.22. The connection has a natural extension to an operator
V:ANX, E) - AMHXE)

uniquely defined by
(@) Viawep = V.
(b) Vw e A¥(X), ne A%(X, E), we have

Viw®n) =do®n+ (=1)*w A Vn.

Proof.  We first show the existence. Let {U,} be a covering realizing the local trivialization
Ely, = U, x C" and {@,}aca be a partition of unity subordinate to {U,}. Then,

n= Z<Pa777

acA

which is a locally finite sum as {¢_'((0,1])|a € A} is locally finite. Over U,, we can define V by
V(W ®1a) = dwe @ Na + (=1)fwa A Vi,

This is well-defined as for any C*(U,,) function f,, we have

V(wa ® (fa M) = dwa ® (fo  Ma) + (—1)fwa A V(fa - na)
= for dwa @ na + (—1)*wa A (dfa @ e + fo V1)
= fo dwy ®@Na + (—1)kwa Adfy ®@ne + (—1)kwa A fa V14
= (fo - dwo + dfa A wa) @ N + (—1)* fawa A Vg
= d(fowa) ® M + (—1)* fawa A Vo
= V(fawa ®77a)-

10



Then, globally, we have

V(w®mn) = (Z soaw@Zso/m)
- ZZ V (patw ® @a1)
- ZZ (o) ® (951) + (—1)*@aw A V(am)]
=dw®n+(— Jw A V.

The uniqueness is clear. O

Proposition 1.23. The extension ¥V satisfies the generalized Leibniz rule, i.e. Ya € A"(X),
pe A(X, E), we have
ViaAp)=danp+(—1)anVp.

Proof. By the C-linearity of V, we may assume that f = t® s, where t € A°(X) and s €
A%(X, E). Thus,

Viaenp)=V((art)®s)
=dlart)®@s+ (=) (art)®V(s)
=danrt®s+ (1) ardt®s+ (—1)""aAt®Vs
=danf+(—1)an(dt®s+ (-1)t® Vs)
=danrf+(-1)arV(I®s)
=danfB+(—1)anV}.

O
Definition 1.24. Let E be a vector bundle with a connection V on E. The curvature
Fy: A%X,E) > A*(X,E)
of V is the composition
FV =VoV
i.e.
Fg: AX,E) % AY(X,E) 4 A*(X,E)
Proposition 1.25. The curvature morphism Fy : A°(X, E) — A*(X, E) is C*(X)-linear.
Proof.  For any f e C*(M), we have
Fo(f-s)=V(V(fs))
=V({df®s+ f-V(s))
=d*(f)®@s—df AV(s)+df AV(s)+ f-V(V(s))
= [ Fu(s).
O
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By this proposition, we can consider Fy as a global section of /\2 T*X ® End(E). Indeed, Fy can
be identified with a global section of

2 2 2
Homee (x) (E N T X ® E) ~ E* Qcon \ T"X®E = /\" T"X ® Ende=(x)(E).

So, Fy € A?(X,End(E)).
Recall that we identify Hom(V, W) = V* ® W by using the following map

V*® W — Hom(V, W)

V@ w — (x— v(x)w),

whose inverse map is given by

Hom(V, W) > V*®@ W

f = Ze;k®f(el)7
i—1
where {ej1,--- ,e,.} is a basis for V, and {e7,--- , e’} is the dual basis for V*.
If {s1,---,s.} is a frame on E and {s},--- , s’} is the dual frame on E*, we see that
Fy = ) Fo(s)) ® s} (1.3.1)
j=1

as an element in /\2 T*X Q FER® E*.

We define a bilinear map A for any vector bundle E:
A AY(X,End(E)) x A°(X,End(E)) > A™°(X, E),

uniquely determined by
(WR®A) A (NP®B)—w An°® AB,
where w”" € A"(X),n* € A*(X) and A, B e C*(End(E)).
So, if A = (af;) and B = (f;) for aj; € A"(X),5;; € A*(X), then A A B = (¢j;"*), where

Q5 ij ) Pij i
r+Ss

Cij = Zk Qg A Bi;
Proposition 1.26. Let U be an open subset of X, and fT = (sy, -+ ,s,) a frame over U. Let
w(f) is the connection matriz of V : A°(X, E) — AYX, E) with respect to f.
Then, for any V : A¥(X, E) — A*¥Y(X, E), we have
V =d+w(f)
locally on U in the sense (VE)(f) = [d + w(f)]E(f), where & € A¥(X, E).

Proof.  For an arbitrary £ € A*(U, E), we can write it as

£= e ®s: (13:2)

12



where £'(f) are complex-valued C*-differential k-forms in U. Then we have
VE= 2, VE(N®s)
= Z (A&’ (f) @ s; + (1) (f) A V(s)))

(e ren: (e

:Z<d§j( ®s; + <2§J A wi(f ®s,~)>
:ngj( ®s]+2<2w]k A AEE(f >®sj.

Thus, we see that
(VESf) = ds(f) +w(f) A &(f) = [d+w(f)IEM)

Thus, we have V = d + w(f), where we have set

dg*(f)
)= |,
g™ (f)
by thinking of d + w(f) as being an operator acting on vector-valued diffrential k-forms. O
Definition 1.27. Let U be an open subset of X, and let f1' = (sy,-+- ,s,) be a frame over U. We

define the curvature matrixz Q(V, f) by selting

QV, ) = (25(V, 1)),
where §;;(V, f) are complex-valued 2-forms in U with
Fy(s;) = > [ Q(V. f) ®s;. (1.3.3)
i=1

We abuse the notation Q(f) = Q(V,f) and Qi;(f) = Qi;(V, f) when there is no danger of
confusion.

Proposition 1.28. Let U be an open subset of X, and let fT = (s1, -+ ,s,) be a frame over U.
Then, we have

Qf) = dw(f) +w(f) A w(f)
locally on U, where w(f) is the connection matriz of V : A°(X, E) — AY(X, E) with respect to f.

Proof.  Let € be a section of E, i.e. £ € A°(X, F). Recall that Fy is C*(X)-linear, we have

(Fw&)(f) = Qf) - €(f)-

13



So,

Let E be a vector bundle with a connection V. By Example 1.15(3), we see that V induces a
natural connection V() on End(E). This extends to a operator

VEdE) - AR (X End(E)) — A*Y(X, End(E)).

Now, since the curvature Fy of the connection V can be regarded as an element on A?(X, End(E)),
the notation VE*E)(Fy) e A3(X, End(E)) makes sense. The Bianchi identity states that

VB (Fg) = 0.
Before proving this result, we need the following lemmas.

Lemma 1.30. Let E be a vector bundle with a connection V and f = (s1,-++ ,s,)T a frame over
U on E and f* = (s,---,s*)T be the dual frame on the dual bundle E*, i.c.

s; (s5) = 0ij-
Let V* be the natural connection on E* induced by V. Then, we have

W(V*a f*) = —w(V, f)T

14



Proof.  Recall that

=1
and
(V*s7)(si) = d(s](s:)) — 57(Vsi) = d(di;) — s} (Zwez(f)@bs@)
=1
:_Ew&‘(f)' Ew&
=1
= wji(f)-
Thus,

= — > wir(f) ® st
k=1

So, we see that
w(V*, f*) = —w(V, )T,
O

Lemma 1.31. Let f = (1, ,5,.)T be a frame over U on E and f* = (s¥,---,s*)T be the dual
frame on E*. Then, g == f® f* = (5; ® 87)i; s a frame on E @ E*.
Suppose & € A¥(X,End(FE)), then, we have

(VEPe) (g) = de(g) +w(f) A Elg) + (1) 1E(g) A w(f).

Proof.  We first Identify the bundle End(E) with £ ® E*. Let & be a section of A" T*X ®
End(E) = A" T*X ® E ® E*, then we can write

§= ZZ&J (si ®s7)

j=1li=

where &; € A¥(U). Let s;; denotes s; ® s7.
We now compute

VER(E)g _ 7End(E) <Z Z §ij ® (5i ® 55 )

i=1j=1
- Z vEE) (¢ @ 55)
i=1j=
- Z Z [déi ® 555 + (—1)"€; A VEE (5, @ 57)]
i=1j=1
:sz&j@% ZZSU [(Vs:) @ st + 5, ® (V*s7)]
i=1j=1 i=1j5=1

15



Recall that

=1
and i
Visy = = Y wil(f) @ s
k=1
We see that
(Vsi) ® s +5,®(V's]) = (Z a)g,(f)®3€) (Z wik(f ®SZ)
=1

= Zw&(f ® (s¢®s7) Z%k ® (8i ® s)

So, it follows that

VER(B) ¢ _ Z Z A& ® si; + Z@] [Z wei(f) ® (50 ® 85) — Z wir(f) ® (s ®sZ)]

i=17=1 .

- ZZ dgzy ®Sz] Z [Z 51] A w@z SZ®5 Z fz] AN w]k (31®32)]
i=1j= 5,J Lé=1

= 2 Z dgzg ® Sz] Z (Z 51; A W& > X Sej — Z (Z gzj N w]k ) X Sik
i=1j5=1 7 i,k \Jj=1

= ZZ dSzy ®31] + Z (Z w& /\ 51]) ®3€j kZ (Z 51] N w]k ) ®Sik
i=1j= ) i,k

So, we see that

(VEEE) (g) = dé(g) +w(f) A &lg) + (1) 1E(g) A w(f).

Corollary 1.32. Write V = d + w with w € AY(X,End(E)), then we have
VEEE —de +w A £+ () E A w
for all £ € AF(X,End(E)).

Proposition 1.33 (Bianchi identity). Let E be a vector bundle with a connection V and Fy
be the curvature of V, then we have

VEME) (Fg) = 0.

Proof.  Let f, g be the frames in Lemma 1.31.
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By (1.3.1), we see that

FV_ZFV S] ®S _ZZQZ] (@SZC@S;<

j=1li=1

So,

Thus, we see that

(VI Fe)(9) = dFg(9) + w(f) A Folg) + (—1)*" ' Fo(9) A w(f)
= dQ(f) + w(f) A Af) = AUS) nw(f)
= Q(f) A w(f) = w(NAU) +w(f) A Q) = AF) A w(f)

=0.
This implies that VF(E)(Fg) = 0. O

Proposition 1.34. Let E, and Ey be vector bundles endowed with connections V1 and Vs, re-
spectively.
(1) The curvature of the induced connection on the direct sum FE1 @ Fy is given by

F = Fy, @ Fy,.
(2) On the tensor product Ey ® Ey the curvature is given by
Fo, ®1+1Q® Fy,.
(3) For the induced connection V* on the dual bundle E* one has
Fyx = —Fg

in the sense
Q<FV*7 f*) = _Q<V7 f)T7

where f* is the dual frame of f.
(4) Let f : M — N be a differentiable map between real manifolds. Let E be a vector bundle
on N with a connection V. The curvature of the pull-back connection f*V of V under f is

Frey = f*Fy.
Proof. (1) Let V be the connection on E = E; @ E» induced by V; and Vg, i.e.

V(Sl @ 82) = Vl(sl) @ VQ(SQ).

Then,
F(s1®s2) = Fy(s1 @ s2)
=V(V(s1 D $2))
= V(Vis1 ® Vas2)
= Vis; @ Visy
= Fy,(s1) ® Fy,(s2).

17



(2) Let V be the connection on F = F; ® E, induced by V; and Vs, i.e.
V(Sl ® 82) = Vl(Sl) RS9+ 81X VQ(SQ).

Then,
Fy (51 ® s2)
=V (V(51®53)) =V (V1 (51) ® 39+ 51 ® Vs (s2))
=V2(51) ® 52 + (—1)'V1 (51) @ V3 (52) + V1 (51) @ V3 (52) + 51 ® V3 (52)
=Fy, (51) ® 50 + 51 ® Iy, (S2)

(3) By Lemma 1.30, we see that

Vst = — 2 wik(f) ® s
k=1

So, we have

__ Z V* () @ s7)

_ Z (dwp(f) ® st — win(f) A V*s})

_ imkm ®sp) + Z (wie(f) A T7s0)

— fz dwi(f) ® s5) + wir(f) A T (iwdf)@szf)

= _Z dwje(f) ® s7) Zr: (ZT: wik(f) A Wk:ﬁ(f)) ® s

(=1 \k=1

Thus, we see that

QFgx, [*) = =dw(f)" = (W(f) rw(f)" = -V, )"
(4) Locally, we have that V is given as d+w. Then Fry = Fyy+, = d(f*w)+ f*(w) A f*(w) =
[ ldw+ w A w) = f*Fy. O
1.4 The Chern connection and curvature in holomorphic category

We have already known that given connections Vi,Vs on E; and E, respectively, there exists a
natural connection V on the direct sum F := FE1 @ E».

Conversely, let V be a connection on £ = E1®FE,. If we denote by p; and p, the two projections
E1® Ey; — E;. Since every section s; of E; can be regarded as a section of E by natural inclusion,

18



we set V;(s;) := (pi)«(V(s;)). Then, V, is a connection on FE;. Indeed, since (p;), is A"(M)-linear,
we see that
D)«(V([ - 50))

(p

= (i) (df @ s; + - V(si))

= (pi)«(df @ si) + (pi)«(f - V(s:))
df ® si + f - (i)«(V(s:))

=df ®s; + [+ Vi(s;).

Vilf - 5:) =

Thus, we obtain

Lemma 1.35. The connection V on B = E; ® Ey induces natural connections V1 and Vo on E;
and Ey respectively.

Let E; be a subbundle of E with a given connection V on F.

Definition 1.36. The second fundamental form of £, c E with respect to the connection V
on E is the section be A'(M,Hom(E,, E/E})) defined for any local section s of Ey by

b(s) = (Pr/e:)+(V(s)).

The difference of Vi@ Vs and V on E = F; @ E5 can be measured by the second fundamental
form. Indeed, if F splits as £ = E; @ Fy with Ey =~ E/FE; via the projection, then by definition,
b(s) = (p2)«(V(s)) = V(s) = (p1)+(V(s)) = V(s) = Vi(s) = V(s) = (V1@ V3)(s). In this case,
be AI(M, Hom(El, EQ))

Now, consider the decomposition A'(F) = AYY(E) ® A% (E) and a connection V on E, we
can decompose V as

Vv = VI,O &) VO,I7
where V10 : AY(E) — AYY(FE) and V%! : A%E) — A%(F). Note that we have VO (f - s) =
O(f)®s+ f-V%(s). We have the following definition

Definition 1.37. A connection V on a holomorphic vector bundle E is compatible with the
holomorphic structure if V%! = 0.

Theorem 1.38. Let (E,h) be a holomorphic vector bundle endowed with a Hermitian structure.
Then there exists a unique Hermitian connection V compatible with the holomorphic structure.

Proof.  Let W be a open subset of X and f a holomorphic frame of E. Take a holomorphic
section £ € Ox (W, E), we have

= (0 + W (f)ES) + (0 + ™ (f)E),

where w = w'? + W% is the natural decomposition. So,

V= (04w ()ES)

and

VO = (0 + W™ (N))E(S).
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Since £ and f are holomorphic, we see that V*E(f) = w1 (f)E(f). So, we see that V is compatible
with the holomorphic structure if and only if the connection matrix w is of type (1,0).

We first show the uniqueness. Suppose V is a desired connection satisfying the hypothesis. Let
w(f) be its associated connection matrix with respect to a given frame f over U. Then, by Lemma
1.17, we see that dh(f) = w(f)Th(f) + h(f)w(f). Since V is compatible with the holomorphic
structure, we see that w is of type (1,0) by the above arguement. So, by comparing the types,

we see that Oh(f) = w(f)Th(f) and dh(f) = h(f)w(f). So, this determines w(f) = (f)ilé‘h(f)
uniquely.
We now can construct a Hermitian connection V compatibble with the holomorphic structure

by defining the associated connection matrix w with w(f) := h( f)_lﬁ (f) for a given frame f

over U. Then, we see that w(f)? = (5h(f))T(mil)T = (Oh(f))Th(f)~* as h(f) is Hermitian.
So, w(f)Th(f) = (oh(f))T = 6WT = 0h(f), which implies that w is of (1,0) type and so V is
compatible with the holomorphic strucutre. Moreover, we see that dh(f) = w(f)Th(f)+h(f)w(f).
Thus, by Lemma 1.17, we see that the connection V with connection matrix w is a Hermitian
connection.

Now, by the uniqueness, the local pieces glue to a connection globally. 0

Definition 1.39. Let (E,h) be a holomorphic vector bundle endowed with a Hermitian structure.
The unique Hermitian connection V compatible with the holomorphic structure is called the Chern
connection on (E,h).

Definition 1.40. Let E be a holomorphic vector bundle on a complex manifold X. A holomor-
phic connection on E is a C-linear map of sheaves

D:F—->Qx®F

with
D(f-s)=0(f)®@s+ [-D(s)

for any local holomorphic function f on X and any local holomorphic section s of E.

Remark. Here, E denotes both the vector bundle and the sheaf of holomorphic sections of this
bundle.

Now, let E be a holomorphic vector bundle and X = [ JU; be an open covering such that there
exists holomorphic trivializations

Q/Ji : E’Ul = UZ x C".

Definition 1.41. The Atiyah class
A(E) e H'(X,Qx ® End(E))
of the holomorphic vector bundle E is given by the Cech cocycle
A(E) = {Uij, ;" o (3 dibis) 0 95}

Proposition 1.42. A holomorphic vector bundle E admits a holomorphic connection if and only
if its Atiyah class A(E) € H(X,Qx @ End(E)) is trivial.
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2 Chern-Weil Theory

2.1 Invariant polynomials

Let V be a complex vector space of dimension n. A k-multilinear symmetric map
P:Vx--.xV-C
corresponds to an element in Sym”(V)*. So, one sees that there is a one-to-one correspondence

homogeneous polynomials symmetric k-multilinear form P
P:V — C of degree k > 1 such that P(X,---,X) = P(X) |’

where X = (21, -+ ,2,)" € V is a column vector of n variables, via the polarization identity
1 s
P(Ulu U 7Uk) = E Z (_1)|I| kP <ZUZ> .
1S{1,+ K} iel

In this section, we will mainly consider the case V' = gl(r,C), the Lie algebra of complex
T X r-matrices.

Definition 2.1. A symmetric k-multilinear map
P:gl(r,C)x - xgl(r,C) - C
is called invariant if for all C € GL(r,C) and all By,--- , By € gl(r,C), we have
P(CB,C™t,--- ,CB,C™') = P(By, -, By).

Similarly, a polynomial function

P:gl(r,C)—»C
is called invariant if for all C € GL(r,C) and all B € gl(r,C), we have

P(CBC™) = P(B).
Lemma 2.2. A symmetric k-multilinear map
P:gl(r,C) x---xgl(r,C) - C
is invariant if and only if its associated homogeneous polynomial
P :gl(r,C) -» C
18 1nvariant.

Proof.  This follows from the polarization identity:. OJ

Example 2.3. (1) The determinant function
det : gl(r,C) - C
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is an invariant polynomial as it is independent of the change of bases.
(2) The trace function
tr: gl(r,C) - C

is an invariant polynomial as it is independent of the change of bases.

Proposition 2.4. The k-multilinear symmetric map P is invariant if and only if
k
Z (B, ,Bj_1,[B, Bj], Bjs1,-++ , Br) =0

for all B, By, -+, By € gl(r,C).

Proof. =: Let X;(t) = e B;e ', then

%P(Xm X g ( ..,%Xj(t),---,Xk(t))
2P

,Be'"Bje™'? — e'"B;Be P -+ Xy(1))

=1

.

Thus,
d
dt|,_q

k
P(Xy(t),, Xi(t)) = D P(By,-- ,BB; — B;B, -+, By) = 0.
j:

<: Let F(t) = P(Xy(t), -+, Xk(t)). If the above equation holds for every B; and B € gl(r, C),
in particular for X;(¢) and B, it follows that

F'(t)=0, YteR.

Therefore,

This implies that the map g — P(gBig™%, - ,gBrg™!) is constant on a neighborhood of Id €
GL(r,C), for fixed By, --- , By € gl(r,C). But GL(r, C) is connected Lie group and the considered
map is analytic, thus it has to be constant on whole GL(r, C). O

We would like to extend the k-multilinear map to A*(X, End(F£)), where E is a vector bundle
over X.

Let P be an invariant k-multilinear symmetric form on gl(r, C). Then for any vector bundle
E of rank r and any partition m = ¢; + - - - + ix, we can define a naturally induced k-linear map

P:A"(X,End(E)) x --- x A*(X,End(E)) — A% (X)

by
(g ®ty, o, @) — (. A+ Aag)Pty, - tg).
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Lemma 2.5. For any forms v; € A% (X, End(FE)) one has

k

dP ’Yl? 7716 Z Zl ! WP 7VEﬂd(E) (7)) )t 77]6) )
where VEE) denotes the induced connection on End(E).
Proof. We will prove this statement by local calculation. We may write V =

we AY(X,End(F)). By Lemma 1.31, we see that

Il

<
Il
—_

dP(Vlu 7Vk)

j—1

()P, T

Il
MK‘

<.
Il
—_

()P, T

Il
MR‘

<.
Il
_

zk] JEi-1 Py,

7=1

It remains to show that

ZZ lllpf)/la ' W/\P)/]a"'aﬁ)/k

IIM»

or equivalently,

k
_1)74]‘Zp(f>/17... 77] AW, 7’7]6)_
j=1

i1,
(=1)Ze=1% Py, dry, -

7/}%)
Yi—w Ay — (=15 ey A w,
k
R )’Yk 2 Zl IWP(’Ylv
VAW, 77’6)
k
Z Ze 11£P(71a VAW,
7j=1
k
Py, 5w A Y5 %)

J

77k>

. w/\/}/]""

= 0.

We may assume that v; = a; ® B; with o; € A%(X) and w = a ® B with o € A'(X). Then,

Left Hand Side = (—=1)"(ay A -+ A (o A @) -+

= 0.

7[Bj7B]7...

9 Bk)

d + w with

77’6)

O

Corollary 2.6. Let Iy be the curvature of an arbitrary connection V on a vector bundle E of
rank r. Then for any invariant homogeneous polynomial P of degree k on gl(r,C), the induced

k-form P(Fy) e A%(X) is closed.

Proof.  Let P:gl(r,C) x ---gl(r,C) — C be the k-multilinear symmetric map such that

P(B, ’B)
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Then, 3
dP(Fy) = dP(Fy, -, Fy)

(_1) Z;{z‘z‘p (ij,” 7VEnd(E) (Fv),"' 7Fv)

Mw

1

Il
o 5

as V() (F5) = 0 by Bianchi identity. O

Thus, for any invariant k-multilinear symmetric map P on gl(r,C') and any vector bundle F
of rank 7, one can associate a de Rham cohomology class [P(Fy)] € H3%(X,C) as the induced
k-form P(Fy) € A%(X) is closed. Moreover, this class is independent of the chosen connection
due to the following results.

Lemma 2.7. Let V be a connection on a vector bundle E and A € A'(X,End(FE)). Then,
Fy,a=Fy+ VP (4) 4 A A A
Proof.  Let £ be a section on E. Then

Foa(€) = (V4 A4) o (V+ A)(¢)
= (V+ A)(VE + AS)
= V(&) + A(VE) + V(AE) + (

§ A)(6)
= Fy(§) + A(VE) + V(AL + (

AN
AN A)E).
It remains to verify that

(VPR A)(€) = A(VE) + V(AL).

We verify this statement locally. Let f = (si,---,s,)T be a frame over U on E and f* =
(st,--,s5)7T be the dual frame on E*. Then, g := [ ® f* = (s; ® 5% )5 1s a frame on F® E*.
Thus,

[A(VE) + V(AI(S) = Alg) A ld + w(NIES) +
= Alg) ~ de(f) + Alg) A w(F)ECS)
+[dA(g)] - £(f) + (=1)'Alg) A d&(f) +w(f) A A(g)E(f)
= Alg) A w(N)ES) + [dA(g)] - E(f) + w(f) A Alg)E(S)
= (VB A) (g)&(f) (by Lemma 1.31)

= [(VEEA)(©)](f)-

d[A(9)E(N)] + w(f) A Alg)E(f)

O

Proposition 2.8. If Vo and Vi are two connections on the same bundle E, then P(Fg,) is
cohomologous to P(Fy,) in de Rham cohomology group, i.e.

[P(FVO)] = [p(FVJ] € Hc%f{(X’ C)

if P:gl(r,C) x -+ x gl(r,C) — C is a symmetric k-multilinear map.
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Proof. Let Vi = Vo + A for some A € A'(X,End(E)). Consider a path of connections
Vi := Vi + tA between Vo and V;. Denote by F; := Fy,.
Let us compute the derivative in t at t = ty of IB(Ft). First note that, by Lemma 2.7, we see
that
F, = Fy, = F, (-t = Fiy + (t = to)) Vi WA+ (t —15)2A 1 A,

i.e.

F,— F
Lt P A 4 (b —t)A A A
t—t 0
d F, — F N ,
Sl R lim S i (A (- 1) A 8 A) = A,
dt t=to t—tg t — tO t—to 0 0
Therefore,
Wobm=2 PR
It t) = 35 ty® y L't
dt t=to dt t=to
: d
:ZP<F2507"'7£ Fta"'aFto>
]=1 t=to
k
End(E
:ZP(Ftov '>vt0 ()Aa"'aFto)

Il
it

I
??. .

P(Fyy, -, Fiy, Vi 4).
By Lemma 2.5 and Bianchi identity, we see that

k—1
dP(an 7Fto)A> = ZP(EW 7vg)nd(E)(Eo)7"' 7FtoaA) +P(Fto7”' ’thvfénd(E)(A))
j=1

= P(Fy,- , Fip, Vi (A4)).

So, it follows that

d
d_ P(Ft) :dP(FtO,"' ,Fto,kA).
t t=to

Let 8y = P(Fy,--- , Fy, kA). Then, we see that

d

—| P(F)=d
dt t:to ( t) ﬁto
forall 0 <ty < 1, ie.
d -
—P(F,) = d(B).
dt ( t) (615)
Thus,
Ly 1 1
f L pep)dt - J d(ﬁt)dt=d<f 6tdt>.
o dt 0 0
While,
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This implies that P(F}) — P(F,) is an exact form. Thus, [P(Fy,)] = [P(Fv,)]- O

To summarize, we have

Theorem 2.9 (Chern-Weil). Let V be a connection on a vector bundle E of rank r and Fy be
the curvature of V. Suppose

P:gl(r,C)x - xgl(r,C) > C

is an invariant symmetric k-multilinear map. Then,
(1) The induced k-form P(Fy) € A¥(X) is closed.
(2) The cohomology class [P(Fy)] € H2k (X, C) is independent of the choice of connection V.

2.2 Chern classes, Chern characters and their properties

As we know, the determinant function det : gl(r,C) — C is an invariant polynomial. So, the
function
B+ det(I + B)

is also an invariant polynomial. Let {P,} be the homogeneous components of B +— det(I + B),
i.e. {P,} are homogenous polynomials defined by

det(I + B) =1+ P,(B) +--- + P(B).

Then, P,(B) are also invariant polynomials.
Now, let E be a vector bundle of rank r with a connection V over a real manifold X. Let Fy
be the curvature of V.

Definition 2.10. The closed differential form

i

Ck(E, V) = Pk (27{_

Fv> € .A%k(X)

is called the k-th Chern form of (E,V).

Definition 2.11. The k-th Chern class of E is defined to be the induced cohomology class
cr(E) = [e(E, V)] € Hiz (X, C).

In particular, co(E) =1 and ¢, (E) =0 for k > r.
The total Chern class of F is

c(E):=co(E) + - +c.(E) e H(X,C).

Similarly, the trace function tr : gl(r,C) — C is an invariant polynomial, which induces an
invariant map

B — tr(e?).
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Let {Qk} be the homogeneous polynomials of degree k defined by

Definition 2.12. The k-th Chern character ch;,(E) € H*%(X,C) of E is defined as the coho-
mology class

chi(E) = [chy(E, V)],
where _
che(E, V) == Qi (%Fv> e AZ(X).
The total Chern character is
ch(E) := cho(E) + - -+ + ch(E) + ch, 41 (E) + - -
Now, if we consider another function

det(tB)
det(I — e~tB)’

we obtain a collection of polynomials {T}} defined by the expansion

det(tB)
det(l — e~tB) sz

Clearly, T}, is homogeneous of degree k and invariant.

Definition 2.13. The k-th Todd class tdy(E) € H2k(X,C) of E is defined as the cohomology
class

tdp(F) = [tdu(E, V)],
where ‘
tde(E, V) := T}, (%Fv) e AZ(X).
The total Todd class is

td(E) := tdo(E) + - - - + td.(E) + td, 1 (E) + - --

Let us now study some of the natural operations for vector bundles and see how the charac-
teristic classes behave in these situations.

Proposition 2.14. Let E = Fy @ E5 be endowed with the direct sum ¥V of the connections V1
and Vo on Ey and Es respectively. Then,

(1) C(E, V) = C(.El7 Vl) : C(EQ, VQ)

(2) ¢(E) = c(Ey) - c(FEy).

(3) ch(E) = ch(FE}) + ch(Es).
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Proof. (1) The curvature Fy of V satisfies Fy = Fy, @ Fy,. Thus,
(B,V) = det (I + - F
C frd e —_—
; B+ oty

1 1
= det ((IE1 + %FvJ &) (IE2 + %FVJ)

? ?
— det (IEl —|— %Fvl) . det (IE2 + %FV2>

= c(El,Vl) : C(EQ, VQ)

g; g(E) = [e(E, V)] = [c(Er, Va) - c(Ey, Va)] = [e(Er, Vi)] - [e(E2, Va)] = ¢(Er) - ¢(Ey).
ch(E,V) =tr (e%FV)

=1tr <eiFV1 (&) @#sz)
tr <eiFV1> + tr <eiFV2>
= Ch(El, Vl) + Ch(EQ, Vz)
Thus, it follows that ch(E) = ch(E;) + ch(E,). d

Corollary 2.15. (1) cx(E1 @ Es) = i (E1) U ck—i(Es).
(2) chi(E1 @ Ey) = chy(Ey) + chk(l% ).
Proof.  Simply by comparing the degree. 0
Proposition 2.16. Let E; and E5 be two vector bundles, then
ch(E) ® Ey) = ch(E,) - ch(E»).

Proof. Let Vi and V5 be connections on E; and FE5 respectively. Let V be the induced
connection Vi ® 1 + 1 ® V5 on the tensor product £ = E; ® Ey. By Proposition 1.34(2), we see
that Fy = Fy, ® 1 + 1 ® Fy,. Recall that et = Z,ZO:O %Ak, we have

AP ®IH18F,) () @ ) = (FVl R1+1Q F,)" (51 ® s2)

k
(Z (§)reeoe Fg;<52>>
ZA’Fvl(sl) ( )F§22( 2)>
[Smen]o[E5m)
= () © ¢ s

— €>\FV1 ®€>\Fv2 (81 ® 82)

Ms

i
()

I
RgE

ol
ICI7
> =%

I
8

k
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for all sections sq, s9 on E; and Fs respectively. Thus,

6>\(FV1®1+1®FV2) — 6)\FV1 ®6>\FV2.

Thus, we see that

So, we conclude that

Ch(E1 &® EQ) = Ch(El) : Ch(EQ)

O
Proposition 2.17. Let E be a vector bundle of rank r and L a line bundle, then
W(ESL) - (f:Jf)cj(E) U er(L))
AN
Proof.  content... 0

Proposition 2.18. Let E be a vector bundle with a connection V and E* be the dual bundle with
the natural connection V*. Then,

ch(B*,V*) = (=1)fe(E, V).

In particular,
Ck(E*) = (—1)kck(E)

Proof.  Recall that by Proposition 1.34(3), we have Fyx = —FZ. Thus, we see that

J _ _tpr)_ b
det (I + 27TFV*> = det (I 27TFV> = det (I 27ro>

Let {P,} be the homogeneous components of B — det(I + B), i.e. {P,} are homogenous polyno-
mials defined by .
det(I+ B) =1+ P(B) +--- + P.(B).

Then, we have

co(E*, V%) = B, (%FV) _ B (—%FV> _ (—1)tP, (%FV) _ (“1)fen(E, V).

Take cohomology class, we obtain

cn(E*) = (—=1)ken(E).
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Proposition 2.19. Let f : M — N be a differentiable map between real manifolds and let E be
a vector bundle on N endowed with a connection V. Then,

c(f*E, [*V) = ffe,(E, V).

Proof. By Proposition 1.34(4), we have Fy«y = f*Fy. Let {P,} be the homogeneous components
of B — det(I + B), i.e. {Fy} are homogenous polynomials defined by

det(I + B) =1+ P(B) + --- + P.(B).
Then, we have

0

%UHQFV%=E<%ﬁ%%>=E(%ﬁﬁ%):fﬁ%( R):f%AEV)

27
O
Proposition 2.20. The first Chern class of the line bundle O(1) on CP! satisfies the normaliza-
tion
f e (0(1) = 1.
Cp!
Proof.  content... O

Proposition 2.21. Let E be a vector bundle, then the total Chern class is real, i.e.
c(E) e H*(X,R).

Proof.  Pick an Hermitian metric on the vector bundle £ and consider an Hermitian connection
V, which always exists. Then locally and with respect to an Hermitian trivialization of E the
curvature satisfies the equation

Fi =Ty =-Fy
Thus, we see that
7 7
—Fy = —FZ.
o2 Y 2w ¥
So,
1
EV)=det | I+ —F
C( ) ) € ( + o V)
1
=det [+ —F%
(] ( + or V)
1
= det (I + —Fv)
2T
1
= det (I + —Fv)
2T
=¢(E,V)

We see that ¢(E, V) is a real form. Thus,
c(E) e H*(X,R).
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Definition 2.22. Let E be a vector bundle of rank r over X. A splitting map f:Y — X for
E is a map such that

[FE=Li® &L,

is the whitney sum of line bundles L; and f* : H*(X) — H*(Y) is an injective map. We call Y a
splitting manifold of E.

Proposition 2.23 (Splitting principle). Every vector bundle E of finite rank over X admits
a splitting map f:Y — X with Y a splitting manifold of E.

We will not prove this result at this moment.

2.3 Comparison of approaches to the first Chern class
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