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1 Review of sheaf theory and homological algebra
Definition 1.1. Let X be a topological space. A presheaf F of abelian groups on X consists
of the data

paq for every open subset U Ď X, an abelian group F pUq, and
pbq for every inclusion V Ď U of open subsets of X, a homomorphism of abelian groups

ρUV : F pUq Ñ F pV q,

subject to the conditions
p0q F pHq “ 0, where H is the empty set,
p1q ρUU is the identity map F pUq Ñ F pUq, and
p2q if W Ď V Ď U are three open subsets, then ρUW “ ρVW ˝ ρUV .

Remark. For any topological space X, we define a category ToppXq, whose objects are the open
subsets of X, and where the only morphisms are the inclusion maps. Thus HompV, Uq is empty
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if V ⊈ U , and HompV, Uq has just one element if V Ď U . Now a presheaf is just a contravariant
functor from the category ToppXq to the category Ab of abelian groups.

We define a presheaf of rings, a presheaf of sets, or a presheaf with values in any fixed category
C, by replacing the words ”abelian group” in the definition by ”ring”, ”set”, or ”object of C”
respectively.

Definition 1.2. If F is a presheaf on X, we refer to F pUq as the sections of the presheaf F
over the open set U , and we sometimes use the notation ΓpU,F q to denote the group F pUq. We
call the maps ρUV restriction maps, and we sometimes write s|V instead of ρUV psq, if s P F pUq.

Definition 1.3. A presheaf F on a topological space X is a sheaf if it satisfies the following
supplementary conditions:

p3q if U is an open set, if tViu is an open covering of U , and if s P F pUq is an element such
that s|Vi “ 0 for all i, then s “ 0;

p4q if U is an open set, if tViu is an open covering of U , and if we have elements si P F pViq for
each i, with the property that for each i, j, si|ViXVj “ sj|ViXVj then there is an element s P F pUq

such that s|Vi “ si for each i. pNote condition p3q implies that s is unique.q

Definition 1.4. If F is a presheaf on X, and if P is a point of X, we define the stalk FP of F
at P to be the direct limit of the groups F pUq for all open sets U containing P , via the restriction
maps ρ. Here U ď V ô V Ď U .

Remark. By the definition of direct limit, an element of FP is represented by a pair xU, sy, where U
is an open neighborhood of P , and s is an element of F pUq. Two such pairs xU, sy and xV, ty define
the same element of FP if and only if there is an open neighborhood W of P with W Ď U X V ,
such that s|W “ t|W . Thus we may speak of elements of the stalk FP as germs of sections of F
at the point P .

Definition 1.5. If F and G are presheaves on X, a morphism φ : F Ñ G consists of a
morphism of abelian groups φpUq : F pUq Ñ G pUq for each open set U , such that whenever V Ď U
is an inclusion, the diagram

F pUq
φpUq //

ρUV

��

G pUq

ρ1
UV

��
F pV q

φpV q
// G pV q

is commutative, where ρ and ρ1 are the restriction maps in F and G . If F and G are sheaves
on X, we use the same definition for a morphism of sheaves. An isomorphism is a morphism
which has a two-sided inverse.

Remark. A morphism φ : F Ñ G of presheaves on X induces a morphism φP : FP Ñ GP on the
stalks, for any point P P X.

Proposition 1.6. Let φ : F Ñ G be a morphism of sheaves on a topological space X. Then φ is
an isomorphism if and only if the induced map on the stalk φP : FP Ñ GP is an isomorphism for
every P P X.
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Definition 1.7. Given a presheaf F , there is a sheaf F ` and a morphism θ : F Ñ F `, with
the property that for any sheaf G , and any morphism φ : F Ñ G , there is a unique morphism
ψ : F ` Ñ G such that the following diagram commutes

G

F
θ

//

φ
>>

F `

ψ
aa

φ “ ψ ˝ θ. Furthermore the pair pF `, θq is unique up to unique isomorphism. F ` is called
the sheaf associated to the presheaf F .

Definition 1.8. Let φ : F Ñ G be a morphism of presheaves. We define the presheaf kernel
of φ, presheaf cokernel of φ, and presheaf image of φ to be the presheaves given by U ÞÑ

kerpφpUqq, U ÞÑ coker pφpUqq, and U ÞÑ Im φpUq respectively.

Remark. If φ : F Ñ G is a morphism of sheaves, then the presheaf kernel of φ is a sheaf, but the
presheaf cokernel and presheaf image of φ are in general not sheaves.

Definition 1.9. If φ : F Ñ G is a morphism of sheaves, we define the kernel of φ, denoted
kerφ, to be the presheaf kernel of φ, which is a sheaf. Thus kerφ is a subsheaf of F .

We say that a morphism of sheaves φ : F Ñ G is injective if kerφ “ 0. Thus φ is injective
if and only if the induced map φpUq : F pUq Ñ G pUq is injective for every open set of X.

Definition 1.10. If φ : F Ñ G is a morphism of sheaves, we define the image of φ, denoted
im φ, to be the sheaf associated to the presheaf image of φ.

We say that a morphism φ : F Ñ G of sheaves is surjective if im φ “ G .

Definition 1.11. We say that a sequence ¨ ¨ ¨ ÝÑ F i´1 φi´1

ÝÑ F i φi

ÝÑ F i`1 ÝÑ ¨ ¨ ¨ of sheaves and
morphisms is exact if at each stage kerφi “ im φi´1.

Remark. 0 ÝÑ F
φ

ÝÑ G is exact if and only if φ is injective, and F
φ

ÝÑ G ÝÑ 0 is exact if and
only if φ is surjective.

Proposition 1.12. Let tFiuiPI be a family of a sheaf. Define a presheaf
ź

iPI

Fi by

U ÞÑ
ź

iPI

FipUq.

Then the presheaf
ź

iPI

Fi is a sheaf.

Proof. Let tVjuj be an open cover of U .
p1q If psiqi P

ś

iPI FipUq such that psiq|Vj “ 0 for all j. Then for any fixed i P I, we have
si|Vj “ 0 for all j. Thus, si “ 0 P FipUq as Fi is a sheaf. So, psiqi “ 0.

p2q Let sj “ psijqiPI
ś

iPI FipVjq such that sj|VjXVk “ sk|VjXVk for all j, k. That is, psijq|VjXVk “

psikq|VjXVk . So, for any fixed i P I, we have sij|VjXVk “ sik|VjXVk . Since Fi is a sheaf, there
exists some si P FipUq such that si|Vj “ sij for all j. Take s “ psiqi P

ś

iPI FipUq, we see that
s|Vj “ psiq|Vj “ psi|Vjq “ psijq “ sj for each j. □
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2 Cohomology of sheaves
2.1 Injective sheaves and flasque sheaves
Definition 2.1. A sheaf I is injective if for any injective sheaf map h : F Ñ G and any sheaf
map f : F Ñ I, there is some sheaf map f̂ : G Ñ I extending f : F Ñ I in the sense that
f “ f̂ ˝ h, as in the following commutative diagram:

0 // F h //

f
��

G

f̂��
I

Equivalently, this means that the contravariant functor HomShpXqp´, Iq is exact.

We know that the category of R-modules has enough injectives. This will imply that the category
of sheaves of R-modules also has enough injectives.

Proposition 2.2. For any sheaf F of R-modules, there is an injective sheaf I and an injective
sheaf homomorphism φ : F Ñ I.

Proof. For every x P X, pick some injection Fx Ñ Ix with Ix an injective R-module, which
always exists. Define the ”skyscraper sheaf” Ix as the sheaf given by

IxpUq “

#

Ix, if x P U,

0, if x R U

for every open subset U Ď X. It is easy to check that there is an isomorphism

HomShpXqpF , Ixq – HomRpFx, I
xq

for any sheaf F , and this implies that Ix is an injective sheaf. We also have a sheaf map from F
to Ix. Consequently we obtain an injective sheaf map

F Ñ
ź

xPX

Ix.

Since a product of injective sheaves is injective, F is embedded into an injective sheave. □

Remark. The category of sheaves does have enough projectives. This is the reason why projective
resolutions of sheaves are of little interest.

Definition 2.3. Let X be a topological space, and let ΓpX,´q be the global section functor from
the abelian category ShpXq of sheaves of R-modules to the category of abelian groups. The
cohomology groups of the sheaf F por the cohomology groups of X with values in Fq, denoted
by HppX,Fq, are the groups RpΓpX,´qpFq induced by the right derived functor RpΓpX,´q pwith
p ě 0q.

To compute the sheaf cohomology groups HppX,Fq, pick any resolution of F

0 ÝÑ F ÝÑ I0 d0
ÝÑ I1 d1

ÝÑ I2 d2
ÝÑ ¨ ¨ ¨
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by injective sheaves In. Apply the global section functor ΓpX,´q to obtain the complex of R-
modules

0
δ´1

ÝÑ I0pXq
δ0

ÝÑ I1pXq
δ1

ÝÑ I2pXq
δ2

ÝÑ ¨ ¨ ¨

and then
HppX,Fq “ ker δp{Imδp´1.

We now turn to flasque sheaves.

Definition 2.4. Let X be a topological space. A sheaf F on X is flasque if for every open
subseteq V Ď U , the restriction map ρUV : FpUq Ñ FpV q is surjective.

Proposition 2.5. A sheaf F is flasque if and only if for every open subset U of X, the restriction
map ρXU : FpXq Ñ FpUq is surjective.

Proof. ñ: By definition.
ð: Let V Ď U be open subsets of X. Then consider the following diagram

FpXq
ρXU //

ρXV $$

FpUq

ρUV

��
FpV q.

We see that ρUV is surjective as ρXU and ρXV are. □

Proposition 2.6. Let F be an OX-module. If F is flasque, so is F |U for every open subset U of
X. Conversely, if for every x P X, there is a neighborhood U such that F |U is flasque, then F is
flasque.

Proof. ñ: By definiton.
ð: Given any open subset V of X, take s P FpV q. Let

T “ tpU, tq : U is open in X such that V Ď U and t P FpUq such that t|V “ su.

We define a partial order ď on T by

pU1, t1q ď pU2, t2q ô U1 Ď U2 and t2|U1 “ t1.

Let pUi, tiq be a chain in T . Let U “
Ť

i Ui, then there exists t P FpUq such that t|Ui
“ ti by

the gluability of sheaves. We see that pU, tq is a upper bound of pUi, tiq. By Zorn’s lemma, there
exists a maximal element pU0, t0q in T . If U0 ‰ X, there exists a point x P X ´ U0. Then there
exists a neighborhood W of x such that F |W is flasque. We see that W ⊈ U0. We now can extend
the section ρU0,U0XW pt0q to t1 P FpW q as FpW q Ñ FpU0 X W q is surjective. Since t0 and t1 agree
on U0 X W , we can glue them to obtain a section t on U0 Y W . Then pU0, t0q ď pU0 Y W, tq and
pU0 Y W, tq P T . Contradiction. This imples that U0 “ X. So, we see that FpXq Ñ FpV q is
surjective. By Proposition 2.5, we see that F is flasque. □

Lemma 2.7. If pX,OXq is a ringed space, any injective OX-module is flasque.
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Proof. For any open subset U Ď X, we define the sheaf OU by

OUpV q “

#

OX |UpV q, if V Ď U,

0, otherwise.

We see that

OU,p “

#

OX,p, if p P U,

0, otherwise.

Suppose I is an injective OX-module and V Ď U are open subsets. Then, we have an injective
inclusion

0 Ñ OV Ñ OU .

Since I is an injective sheaf, the functor HomShpXqp´, Iq is exact. Thus,

HomOX
pOU , Iq Ñ HomOX

pOV , Iq Ñ 0

is exact.
Since HomOX

pOU , Iq – HomOX |U pOX |U , I|Uq – IpUq, we see that IpUq Ñ IpV q Ñ 0 is exact.
Thus, I is flasque. □

So far, we see that every OX-module F admits a flasque resolution. Further, there is a canonical
way to construct a flasque resolution of F , called canonical flasque resolution or Godement
resolution of F .

Define a presheaf C0pX,Fq by
U ÞÑ

ź

xPU

Fx.

(To be continued...)
Given two sheaves of R-modules F 1 and F2, we obtain a presheaf F 1 ‘ F2 by setting

FpUq “ pF 1 ‘ F2qpUq “ F 1pUq ‘ F2pUq

for every open subset U of X. Actually, F 1 ‘F2 is a sheaf. We call F 1 and F2 direct summands
of F .

Proposition 2.8. Let 0 ÝÑ F 1 φ
ÝÑ F ψ

ÝÑ F2 ÝÑ 0 be an exact sequence of sheaves and F 1 be
flasque. Then for every open subset U Ď X, we have an exact sequence

0 ÝÑ F 1pUq
φpUq
ÝÑ FpUq

ψpUq
ÝÑ F2pUq ÝÑ 0.

Equivalently,
0 ÝÑ F 1 φ

ÝÑ F ψ
ÝÑ F2 ÝÑ 0

is an exact sequence of presheaves.

Proof. It suffices to show that ψpUq : FpUq Ñ F2pUq is surjective. Let t P F2pUq. Recall
that for any x P U , we have ψx : Fx Ñ F2

x is surjective, i.e. there exists some sx P Fx such that
ψxpsxq “ tx. Thus, there exists a neighborhood Ux of x and sUx P FpUxq such that ψpUxqpsUxq “
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t|Ux . Consider the set

S “ tpV, sq : V Ď U, s P FpV q, ψpV qpsq “ t|V u.

Since pUx, sUxq P S, we see that S is nonempty. Define a partial order ď on S by pU, sq ď pV, tq ô

U ď V and t|U “ s.
By the gluability of sheaves, we see that every chain in S has an upper bound. Thus, there

exists a maximal element, say pV, sq, in S, by Zorn’s lemma. We aim to show that V “ U . If not,
there exists pW, rq such that V ⊈ W Ď U , r P FpW q and ψpW qprq “ t|W . We may assume that
W X V ‰ H, otherwise, we are done. Note that

ψpW X V qps|WXV ´ r|WXV q “ ψpV qpsq|WXV ´ ψpW qprq|WXV “ pt|V q|WXV ´ pt|W q|WXV “ 0.

So, s|WXV ´ r|WXV P kerψpW X V q “ im φpW X V q. This means that s|WXV ´ r|WXV “

φpW X V qpuq for some u P F 1pW X V q. Note that F 1 is flasque, the restricition map F 1pW q Ñ

F 1pW X V q is surjective. Thus, there exists ũ P F 1pW q such that ũ|WXV “ u. Consider the
following commutative diagram

F 1pW q
φpW q //

��

FpW q

��
F 1pW X V q

φpWXV q // FpW X V q

We see that φpW qpũq|WXV “ φpW XV qpuq “ s|WXV ´r|WXV . Thus, s|WXV “ pφpW qpũq`rq|WXV .
Thus, by the gluability of sheaves, there exists a section s1 P FpW Y V q such that s1|V “ s and
s1|W “ φpW qpũq ` r. Since ψpW Y V qps1q|V “ t|V and ψpW Y V qps1q|W “ t|W , we see that
ψpW Y V qps1q “ t|WYV . Thus, pW Y V, s1q P S. This is a contradiction as V ⊊ W Y V . We
conclude that pU, sq is the maximal element in S, i.e. s P FpUq and ψpUqpsq “ t|U “ t. Thus,
ψpUq : FpUq Ñ F2pUq is surjective. □

Proposition 2.9. If 0 Ñ F 1 Ñ F Ñ F2 Ñ 0 is an exact sequence of sheaves and if F 1 and F
are flasque, then F2 is flasque.

Proof. To show that F2 is flasque, it suffices to prove that for any open subset U Ď X, the
restricition map ρ2

XU : F2pXq Ñ F2pUq is surjective. Since F 1 is flasque, we have a commutative
diagram of short exact sequences

0 // F 1pXq
φpXq //

ρ1
XU

��

FpXq
ψpXq //

ρXU

��

F2pXq //

ρ2
XU

��

0

0 // F 1pUq
φpUq // FpUq

ψpUq // F2pUq / / 0

Take any a P F2pUq, there exists b P FpUq such that ψpUqpbq “ a. Since F is flasque, we see
that ρXU : FpXq Ñ FpUq is surjective. So, there exists some c P FpXq such that ρXUpcq “ b.
Thus, we see that ρ2

XUpψpXqpcqq “ ψpUqpρXUpcqq “ ψpUqpbq “ a. Thus, ρ2
XU : F2pXq Ñ F2pUq

is surjective as desired. □

Theorem 2.10. If F is a flasque sheaf on a topological space X, then HipX,Fq “ 0 for all i ą 0.
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Proof. By Proposition 2.2, we may embed F in an injective sheaf of abelian groups I. Let G
be the quotient, then we have an exact sequence

0 Ñ F Ñ I Ñ G Ñ 0.

This short exact sequence induced a long exact sequence of cohomology, i.e.

0 ÑΓpX,Fq Ñ ΓpX, Iq Ñ ΓpX,Gq Ñ

H1pX,Fq Ñ H1pX, Iq Ñ H1pX,Gq Ñ

H2pX,Fq Ñ H2pX, Iq Ñ H2pX,Gq Ñ ¨ ¨ ¨

Now since F is flasque, we have an exact sequence by Proposition 2.8,

0 Ñ ΓpX,Fq Ñ ΓpX, Iq Ñ ΓpX,Gq Ñ 0.

So we obtain a long exact sequence

0 Ñ H1pX,Fq Ñ H1pX, Iq Ñ H1pX,Gq Ñ H2pX,Fq Ñ H2pX, Iq Ñ H2pX,Gq Ñ ¨ ¨ ¨

On the other hand, since I is injective, we have HipX, Iq “ 0 for i ą 0. We see that H1pX,Fq “ 0,
and HipX,Gq “ Hi`1pX,Fq for all i ě 1. Note that F is flasque by hypothesis, I is flasque by
Proposition 2.7, so G is flasque by Proposition 2.9. So by induction on i we get the result. □

2.2 A vanishing theorem of Grothendieck
Theorem 2.11 (Grothendieck). Let X be a Noetherian topological space of dimension n. Then
for all i ą n and all sheaves of abelian groups F on X, we have HipX,Fq “ 0.

3 Čech cohomology
For a general space X, the sheaf cohomology groups may be quite difficult to compute – how
does one produce a flasque or even injective resolution resolution in general? Fortunately, there
is another construction of sheaf cohomology which, though cumbersome to define, is much more
amenable to computation.

3.1 Motivation: the Mittag-Leffler problem
In this section, we motivate the definition of Čech cohomology with a classical problem originally
studied by Mittag-Leffer. Let X be a Riemann surface, i.e. a one-dimensional complex manifold,
which we may assume to be connected. Suppose E is a closed, discrete subset of X, i.e. E has
no limit point in X. For each a P E, we are given a function za : Ua Ñ C on some neighborhood
Ua Ď X of a such that zapaq “ 0. Consider the function

papzaq “

ma
ÿ

j“1

αaj

zja
.
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The Mittag-Leffler problem is to find a meromorphic function f : X Ñ C such that f is
holomorphic on X ´ E and for all a P E, the function f ´ papzaq has a removable singularity at
a. Then papzaq will be the principal part of f on Ua. Equivalently, we are asked to extend some
meromorphic functions defined on open subsets in X to a meromorphic function on the whole
Riemann surface. We can restate the problem as:

Let U “ tUiuiPI be an open cover of X and suppose that tfi : Ui Ñ Cu is a collection of
meromorphic functions defined on Ui such that either fi is holomorphic on Ui or has a single point
ai P Ui with ai R Uj if j ‰ i. The Mittag-Leffler problem is then to find a meromorphic function
f : X Ñ C such that for each i P I, f |Ui

´ fi is holomorphic.
Let M be the sheaf of meromorphic functions on X. First notice that if fi agree on all overlaps

Ui X Uj, then the sheaf condition on M guarantees that there is a global meromorphic function
f P MpXq such that f |Ui

“ fi for all i. In this case, we have f |Ui
´ fi “ 0, a much stronger

conclusion than Mittag-Leffler problem asks for. In general, if we can find a family of holomorphic
functions thi : Ui Ñ Cu on each Ui such that pfi ` hiqq|UiXUj

“ pfj ` hjq|UiXUj
for all i, j, we can

glue fi ` hi together to find the desired f . This can be rewritten as

fi|UiXUj
´ fj|UiXUj

“ hj|UiXUj
´ hi|UiXUj

.

Set tij “ fi|UiXUj
´ fj|UiXUj

. Then we have tij P OpUi X Ujq, where O is the sheaf of holomorphic
functions on X, if the above equation is satisfied. Moreover, when restricting on Ui X Uj X Uk for
any i, j and k, we have

tjk ´ tik ` tij “ 0.

Thus, we want to find holomorphic functions hi P OpUiq such that
p1q tij “ hj ´ hi on Ui X Uj for any i, j and
p2q tjk ´ tik ` tij “ 0 on Ui X Uj X Uk for any i, j and k.

Definition 3.1. Let X be a Riemann surface, U an open cover of X and O be the sheaf of
holomorphic functions. A family of sections ptijq P

ś

ij OpUi X Ujq is called a Čech 1-cocycle if
for all i, j, k, we have tjk ´ tik ` tij “ 0 on Ui X Uj X Uk. Under component-wise addtion, the set
of 1-cocycle forms a group, denoted by ŽpU ,Oq.

Definition 3.2. A family of sections ptijq P
ś

ij OpUi X Ujq is called a Čech 1-coboundary if
there exists a family phiq P

ś

iOpUiq such that tij “ hj ´hi on each UiXUj. This forms a subgroup
of ŽpU ,Oq, which is denoted by B̌pU ,Oq.

Definition 3.3. The first Čech cohomology group of the cover U with coefficients in O is
the quotient group

Ȟ1
pU ,Oq “ ŽpU ,Oq{B̌pU ,Oq.

Now, to solve the Mittag-Leffler problem, it suffices to investigate that whether we have Ȟ1
pU ,Oq “

0 for a Riemann surface X with cover U .

3.2 Čech cohomology of an open cover
In previous section, we defined the first Čech cohomology for a Riemann surface X with an open
cover U . We can generalize this to any space X with an open cover U “ pUjqjPJ .

In this section, we fix a topological space X and a presheaf F on X. Let U “ pUjqjPJ be an
open cover of X, where J is an index set. Before we step into our main result, we make some
conventions first for convenience.
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Notation. • X: a topological space.

• U “ pUjqjPJ : an open cover of X, where J is an index set.

• R: a fixed commutative unitary ring.

• F : a presheaf of R-modules on X.

• I “ pi0, ¨ ¨ ¨ , ipq: a pp` 1q-tuple of elements of J , where p ě 0 and ik P J are not necessarily
distinct.

Definition 3.4. Let I “ pi0, ¨ ¨ ¨ , ipq be a pp`1q-tuple of elements of J . We define an open subset
UI to be the intersection of open subsets in U with subscripts in I, i.e.

UI “ Ui0,¨¨¨ ,ip “ Ui0 X ¨ ¨ ¨ X Uip .

We define Ui0,¨¨¨ ,pij ,¨¨¨ ,ip to be the intersection

Ui0,¨¨¨ ,pij ,¨¨¨ ,ip “ Ui0 X ¨ ¨ ¨ X Uij´1
X Uij`1

X ¨ ¨ ¨ X Uip

of the p subsets with Uij excluded.

Remark. By definition, Ui0,¨¨¨ ,ip Ď Ui0,¨¨¨ ,pij ,¨¨¨ ,ip induces an inclusion map

δpj : Ui0,¨¨¨ ,ip ãÑ Ui0,¨¨¨ ,pij ,¨¨¨ ,ip

Example 3.5. As the following picture shows, we see that Ui0i1i2i3 Ď Ui0i1 pi2i3
.

Figure 1: An illustration of Ui0i1i2i3 and Ui0i1 pi2i3
.

To introduce Čech cohomology, we first construct a cochain complex. The idea to construct the
desired complex arises from the Mittag-Leffler problem. More precisely, let Uij “ Ui X Uj and
Uijk “ Ui X Uj X Uk. By the construction in the previous section, we have a sequence

0 Ñ FpXq
d0

ÝÑ
ź

jPJ

FpUjq
d1

ÝÑ
ź

pi,jqPJ2

FpUi X Ujq
d2

ÝÑ
ź

pi,j,kqPJ3

FpUi X Uj X Ukq,
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where d0 : s ÞÑ ps|Uj
qj, d1 : psjqj ÞÑ psi|Uij

´ sj|Uij
qi,j and d3 : psijqi,j ÞÑ psjk|Uijk

´ sik|Uijk
` sij|Uijk

q.
So, we can extend this sequence to obtain a cochain comlex.

Definition 3.6. Given a topological space X, an open cover U “ pUjqjPJ of X, and a presheaf of
abelian groups F on X, the R-module of Čech p-cochains CppU ,Fq is the set of all functions f
with domain Jp`1 such that fpi0, ¨ ¨ ¨ , ipq P FpUi0¨¨¨ipq; in other words,

CppU ,Fq “
ź

pi0,¨¨¨ ,ipqPJp`1

FpUi0,¨¨¨ ,ipq,

the set of all Jp`1-indexed families pfi0,¨¨¨ ,ipqpi0,¨¨¨ ,ipq P Jp`1 with fi0,¨¨¨ ,ip P FpUi0¨¨¨ipq.

Example 3.7. If p “ 0, we have

C0pU ,Fq “
ź

jPJ

FpUjq,

i.e. a 0-cochain is a J-indexed family f “ pfjqjPJ with each fj P FpUjq.
If p “ 1, we have

C1pU ,Fq “
ź

pi,jqPJ2

FpUi X Ujq,

i.e. a 1-cochain is a J2-indexed family f “ pfi,jqpi,jqPJ2 with fi,j P FpUi X Ujq.

Remark. Note that FpHq “ 0, we may assume that Ui0,¨¨¨ ,ip ‰ H. Indeed, if Ui0,¨¨¨ ,ip “ H, the
component corresponding to the tuple pi0, ¨ ¨ ¨ , ipq is trivial, which means that we could just omit
the component with Ui0,¨¨¨ ,ip “ H.

Remark. Recall that a presheaf is just a contravariant functor, we see that the restriction map

ρ
U
i0,¨¨¨ ,

xij ,¨¨¨ ,ip

Ui0,¨¨¨ ,ip
: FpUi0,¨¨¨ ,pij ,¨¨¨ ,ipq Ñ FpUi0,¨¨¨ ,ipq

is induced by the inclusion map δpj : Ui0,¨¨¨ ,ip ãÑ Ui0,¨¨¨ ,pij ,¨¨¨ ,ip.

For simplicity, we denote that restriction map ρ
U
i0,¨¨¨ ,

xij ,¨¨¨ ,ip

Ui0,¨¨¨ ,ip
by ρji0,¨¨¨ ,ip or just Fpδpj q.

Now, to obtain a cochain complex, it remains to construct the coboundary maps.

Definition 3.8. Given a topological space X, an open cover U “ pUjqjPJ of X, and a presheaf of
R-modules F on X, the coboundary maps δpF : CppU ,Fq Ñ Cp`1pU ,Fq are given by

δpF “

p`1
ÿ

j“0

p´1qjFpδp`1
j q

on each component FpUi0,¨¨¨ ,pij ,¨¨¨ ,ip`1
q. Explicitly, for each p-cochain f P CppU ,Fq, and any sequence

I “ pi0, ¨ ¨ ¨ , ip`1q P Jp`2, we define

pδpFfqi0,¨¨¨ ,ip`1 “

p`1
ÿ

j“0

p´1qjρji0,¨¨¨ ,ip`1
pfi0,¨¨¨ ,pij ,¨¨¨ ,ip`1

q.

11



By a direct computation, we have that following proposition.

Proposition 3.9. δp`1
F ˝ δpF “ 0 for all p ě 0.

So, we obtain a cochain complex pC‚pU ,Fq, δ‚
Fq. We now can define its cohomology.

Definition 3.10. Given a topological space X, an open cover U “ pUjqjPJ of X, and a presheaf
F of R-modules on X, the R-module BppU ,Fq of Čech p-boundaries is given by

BppU ,Fq “ Im δp´1
F

for p ě 1 with B0pU ,Fq “ 0, and the R-module ZppU ,Fq of Čech p-cocycles is given by

ZppU ,Fq “ ker δpF

, for p ě 0.

Definition 3.11. Given a topological space X, an open cover U “ pUjqjPJ of X, and a presheaf
F of R-modules on X, the Čech cohomology groups Ȟp

pU ,Fq of the cover U with values in F
are defined by

Ȟp
pU ,Fq “ ZppU ,Fq{BppU ,Fq

for each p ě 0.

Theorem 3.12. Given a topological space X, an open cover U “ pUjqjPJ of X, and a presheaf of
R-modules F on X, if F is a sheaf, then

Ȟ0
pU ,Fq “ FpXq “ ΓpX,Fq

the global section of F .

Proof. Recall that we have a left exact sequence

0 Ñ FpXq
d0

ÝÑ
ź

jPJ

FpUjq
d1

ÝÑ
ź

pi,jqPJ2

FpUi X Ujq,

where d0 : s ÞÑ ps|Uj
qj and d1 : psjqj ÞÑ psi|Uij

´ sj|Uij
qi,j. By definition, we see that δ0F “ d1 and

ker δ0F “ ker d1 “ Im d0 “ FpXq. Thus, Ȟ0
pU ,Fq “ FpXq “ ΓpX,Fq is the global section of F .

□

3.3 Čech cohomology with values in a presheaf
We now want to give a partial order between two open covers

Definition 3.13. Given two open covers U “ pUiqiPI and V “ pVjqjPJ of a space X, we say that
V is a refinement of U , denoted U ă V, if there is a function τ : J Ñ I such that

Vj Ď Uτpjq for all j P J.

Two covers U and V are said to be equivalent if V ă U and U ă V.
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Example 3.14. Let U “ tU1, U2, U3u. Let V “ tV1, V2, V3, V4, V5, V6u. Then U ă V with τ :
t1, 2, 3, 4, 5, 6u Ñ t1, 2, 3u where τp1q “ 1, τp2q “ 1, τp3q “ 2, τp4q “ 2, τp5q “ 3, τp6q “ 3 since
V1 Ď U1, V2 Ď U1, V3 Ď U2, V4 Ď U2, V5 Ď U3, V6 Ď U3.

Figure 2: An illustration of U ă V .

Definition 3.15. Let τ : J Ñ I be a function such that

Vj Ď Uτpjq for all j P J.

We can define a homomorphism τ p : CppU ,Fq Ñ CppV ,Fq as follows: for every p-cochain
f P CppU ,Fq, let τ pf P CppV ,Fq be the p-cochain given by

pτ pfqj0¨¨¨jp “ ρUV pfτpj0q¨¨¨τpjpqq

for all pj0, ¨ ¨ ¨ , jpq P Jp`1, where ρUV denotes the restriction map associated with the inclusion of
Vj0¨¨¨jp into Uτpj0q¨¨¨τpjpq.

By direct computation, we see that the map τ p : CppU ,Fq Ñ CppV ,Fq commutes with δF so

τ˚ : C‚pU ,Fq Ñ C‚pV ,Fq

is a chain map. Thus, we have a homomorphism τ˚p : Ȟp
pU ,Fq Ñ Ȟp

pV ,Fq

Proposition 3.16. Given any two open covers U and V of a space X, if U ă V and if τ1 : J Ñ I
and τ2 : J Ñ I are functions such that

Vj Ď Uτ1pjq and Vj Ď Uτ2pjq for all j P J,

then τ˚p
1 “ τ˚p

2 for all p ě 0.
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Proof. The ideal is to construct a chain homotopy. Given any f P CppU ,Fq, let

pkpfqj0¨¨¨jp´1 “

p“1
ÿ

h“0

p´1qhρhpfτ1pj0q¨¨¨τ1pjhqτ2pjhq¨¨¨τ2pjp´1qq

for all pj0, ¨ ¨ ¨ , jp´1q P Jp, where ρh denotes the restriction map associated with the inclusion of
Vj0¨¨¨jp´1 into Uτ1pj0q¨¨¨τ1pjhqτ2pjhq¨¨¨τ2pjp´1q. Then, by a direct computation, we see that

dp´1
F ˝ kppfq ` kp`1 ˝ δpFpfq “ τ p2 pfq ´ τ p1 pfq,

where dpF : CppV ,Fq Ñ Cp`1pV ,Fq and δpF : CppU ,Fq Ñ Cp`1pU ,Fq.
Thus, τ˚p

1 “ τ˚p
2 for all p ě 0. □

This proposition gives us a homomorphism ρUV : Ȟp
pU ,Fq Ñ Ȟp

pV ,Fq. Moreover, this partial
order is directed. Indeed, we have given any two covers U “ pUiqiPI and V “ pVjqjPJ , the cover
W “ pUi X Vjqpi,jqPIˆJ is a common refinement of both U and V , so U ă W and V ă W . Again,
by this proposition, we see that if U ă V ă W , then

ρUW “ ρVW ˝ ρUV

and
ρUU “ id .

Now, if U and V are equivalent, we see that ρVU ˝ ρUV “ id and ρUV ˝ ρVU “ id, i.e.

ρUV : Ȟp
pU ,Fq Ñ Ȟp

pV ,Fq

is an isomorphism.
Consequently, it appears that the family pȞp

pU ,FqqU is a direct system of R-modules indexed
by the directed set of open covers of X.

Definition 3.17. Let X be a topological space and F be a presheaf of R-modules. The p-th Čech
cohomology group of X with values in F is defined to be the direct limit

Ȟp
pX,Fq “ lim

ÝÑ
U

Ȟp
pU ,Fq.

3.4 Some properties of Čech cohomology
Proposition 3.18. For every space X and every open cover U of X, the functor CppU ,´q from
presheaves to abelian groups is exact for all p ě 0.

Proof. If
0 // F 1 // F // F2 // 0

is an exact sequence of presheaves, then every sequence

0 // F 1pUi0¨¨¨ipq // FpUi0¨¨¨ipq // F2pUi0¨¨¨ipq // 0

14



is exact. Since exactness is preserved under direct products, we see that the sequence

0 //
ś

pi0,¨¨¨ ,ipq F 1pUi0¨¨¨ipq //
ś

pi0,¨¨¨ ,ipq FpUi0¨¨¨ipq //
ś

pi0,¨¨¨ ,ipq F2pUi0¨¨¨ipq // 0,

i.e. the sequence

0 // CppU ,F 1q // CppU ,Fq // CppU ,F2q // 0

is exact. □

Corollary 3.19. If
0 // F 1 // F // F2 // 0

is an exact sequence of presheaves, we have a long exact sequence of cohomology:

¨ ¨ ¨ // Ȟp
pU ,Fq // Ȟp

pU ,F2q
d // Ȟp`1

pU ,F 1q // Ȟp`1
pU ,Fq // ¨ ¨ ¨ ,

where the coboundary operator d is defined as usual.

Proof. We have an exact sequence of complexes

0 // C‚pU ,F 1q // C‚pU ,Fq // C‚pU ,F2q // 0

This gives us a long exact sequence

¨ ¨ ¨ // Ȟp
pU ,Fq // Ȟp

pU ,F2q
d // Ȟp`1

pU ,F 1q // Ȟp`1
pU ,Fq // ¨ ¨ ¨

Taking direct limit over all open covers, we obtain a long exact sequence

¨ ¨ ¨ // Ȟp
pX,Fq // Ȟp

pX,F2q
d // Ȟp`1

pX,F 1q // Ȟp`1
pX,Fq // ¨ ¨ ¨

as direct limit functor is exact. □

This is a pretty good result for presheaves, but this may not be true for sheaves. For sheaves,
clearly, we have

Proposition 3.20. For every space X and every open cover U of X, the functor CppU ,´q from
sheaves to abelian groups is left exact for all p ě 0.

Now, we obtain a sequence of complexes

0 // C‚pU ,F 1q
α // C‚pU ,Fq

β // C‚pU ,F2q.

Consider the homomorphisms βp : CppU ,Fq Ñ CppU ,F2q, which need not be surjective.
Denote by Cp

0 pU ,F2q the image of this homomorphism. We now have a complex C‚
0pU ,F2q, which

is a subcomplex of C‚pU ,F2q, whose p-th cohomology groups will be denoted by Ȟp

0pU ,F2q. We
have an exact sequence of complexes:

0 // C‚pU ,F 1q // C‚pU ,Fq // C‚
0pU ,F2q // 0
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So, we have a long exact sequence of cohomology:

¨ ¨ ¨ // Ȟp
pU ,Fq // Ȟp

0pU ,F2q
d // Ȟp`1

pU ,F 1q // Ȟp`1
pU ,Fq // ¨ ¨ ¨ ,

where the coboundary operator d is defined as usual.

Now, we consider two open covers U “ pUiqiPI and V “ pVjqjPJ such that there exists a function
τ : J Ñ I with Vj Ď Uτpjq for all j P J , i.e. U ă V . Consider the commutative diagram

0 // C‚pU ,F 1q
α //

τ˚

��

C‚pU ,Fq
β //

τ˚

��

C‚pU ,F2q

τ˚

��
0 // C‚pV ,F 1q

α // C‚pV ,Fq
β // C‚pV ,F2q

, we see that that τ˚ maps C‚
0pU ,F2q into C‚

0pV ,F2q and we obtain a homomorphism

τ˚p : Ȟp

0pU ,F2q Ñ Ȟp

0pV ,F2q

for each p ě 0. Using a similar argument as in Proposition 3.16, the homomorphisms τ˚ are
independent of the choice of the mapping τ .

Now, recall that direct limit of an exact sequence of direct system is exact if the index set is
directed, i.e. the set of all open coverings is directed. We have a long exact sequence

¨ ¨ ¨ // Ȟp
pX,Fq // Ȟp

0pX,F2q
d // Ȟp`1

pX,F 1q // Ȟp`1
pX,Fq // ¨ ¨ ¨

We now need to know the relation between Ȟ0pX,F2q and ȞpX,F2q.

Lemma 3.21. Let U “ pUiqiPI be a covering and let f “ pfiq be an element of C0pU ,F2q. There
exists a covering V “ pVjqjPJ and a mapping τ : J Ñ I such that Vj Ď Uτpjq and τf P C0

0pV ,F2q.

Proof. Let J “ X. For any x P J “ X, take a τx P I such that x P Uτx. Noticing that fτx is a
section of F2 over Uτx, there exists an open neighborhood Vx of x, contained in Uτx and a section
bx of F over Vx such that βpVxqpbxq “ fτx|Vx on Vx. Indeed, β : F Ñ F2 is surjective. Then βx
is surjective for all x P X. Let s “ fτx and sx be the image of s in F2

x . Since βx is surjective,
there exists tx P Fx s.t. βxptxq “ sx. By the property of direct limit, we know that there exists a
neighborhood of x, say V 1

x, and t P F pV 1
xq s.t. tx is the image of t in Fx, i.e. ρptq “ tx.

Consider the following commutative diagram

FpV 1
xq

βpV 1
xq //

ρ

��

F2pV 1
xq

ρ1

��
Fx

βx // F2
x

we must have ρ1ps|V 1
x
q “ sx. Also xV 1

x, βpV 1
xqptqy and xV 1

x, s|V 1
x
y have the same image in F2

x . So there
exists a neighborhood Vx of x contained in V 1

x such that βpVxqpt|Vxq “ βpV 1
xqptq|Vx “ ps|V 1

x
q|Vx “

s|Vx . Hence, let bx “ t|Vx , we have that βpVxqpbxq “ s|Vx .
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The tVxuxPX form a covering V of X, and the bx form a 0-chain b “ pbxqx of V with values in
U ; since τf “ βpbq, we have that τf P C0

0pV ,F2q. □
Now, consider the commutative diagram

0 // C0
0pU ,F2q

d0 //

��

C1
0pU ,F2q

d1 //

��

C2
0pU ,F2q

d2 //

��

¨ ¨ ¨

0 // C0pU ,F2q
B0

// C1pU ,F2q
B1

// C2pU ,F2q
B2

// ¨ ¨ ¨

we have a morphism of complexes C‚
0pU ,F2q Ñ C‚pU ,F2q. This induces a homomorphism

Ȟp

0pU ,F2q Ñ Ȟp
pU ,F2q. By taking direct limit, we have a homomorphism Ȟp

0pX,F2q Ñ Ȟp
pX,F2q.

Proposition 3.22. The canonical homomorphism Ȟp

0pX,F2q Ñ Ȟp
pX,F2q is bijective for p “ 0

and injective for p “ 1.

Proof. We first show that Ȟ1

0pX,F2q Ñ Ȟ1
pX,F2q is injective. An element of the kernel of this

mapping may be represented by a 1-cocycle z “ pzj0j1q P C1
0pU ,F2q, i.e. z P Im B0. Thus, there

exists an f “ pfjq P C0pU ,F2q with B0f “ z; applying Lemma 3.21 to f yields a covering V such
that τf P C0

0pV ,F2q. So, d0pτfq “ τz via the map d0 : C0
0pV ,F2q Ñ C0

0pV ,F2q. This means that
for finer enough U , we have z P Im d0. Thus its image in H1

0 pX,F2q is 0.
Using a similar argument, we see that Ȟ0

0pX,F2q Ñ Ȟ0
pX,F2q is injective. Again, Lemma

3.21 just means that Ȟ0

0pX,F2q Ñ Ȟ0
pX,F2q is surjective by the definition of direct limit. □

Corollary 3.23. We have an exact sequence

0 // Ȟ0
pX,F 1q // Ȟ0

pX,Fq // Ȟ0
pX,F2q

d // Ȟ1
pX,F 1q // Ȟ1

pX,Fq // Ȟ1
pX,F2q

Corollary 3.24. If
0 // F 1 // F // F2 // 0

is an exact sequence of sheaves and Ȟ1
pX,F 1q “ 0, then ΓpX,Fq Ñ ΓpX,F2q is surjective.

Proof. If Ȟ1
pX,F 1q “ 0, then we have

0 // Ȟ0
pX,F 1q // Ȟ0

pX,Fq // Ȟ0
pX,F2q // 0

Now, by Theorem 3.12, if F is a sheaf, then Ȟ0
pU ,Fq “ ΓpX,Fq the global section of F .

Thus, we obtain a short exact sequence

0 // ΓpX,F 1q // ΓpX,Fq // ΓpX,F2q // 0

□

On paracompact spaces, we can extend Proposition 3.22 for all values of p. Recall that

Definition 3.25. An open cover U “ pUiqiPI of a space X is locally finite if for any x P X,
there exists some neighbourhood Vx of x such that the set ti P I : Ui X Vx ‰ Hu is finite.
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Definition 3.26. A topological space X is paracompact, i.e. X is Hausdorff and if any covering
of X admits a refinement that is locally finite.

Using a similar argument as in Lemma 3.21, we have the following result

Lemma 3.27. Let U “ pUiqiPI be a covering and let f “ pfi0¨¨¨ipq be an element of CppU ,F2q.
There exists a covering V “ pVjqjPJ and a mapping τ : J Ñ I such that Vj Ď Uτpjq and τf P

Cp
0 pV ,F2q.

So, we have a analogous result

Proposition 3.28. If X is paracompact, the canonical homomorphism

Ȟp

0pX,F2q Ñ Ȟp
pX,F2q

is bijective for all p ě 0.

As a corollary, we have

Corollary 3.29. If X is paracompact, we have a long exact sequence:

¨ ¨ ¨ // Ȟp
pX,Fq // Ȟp

pX,F2q
d // Ȟp`1

pX,F 1q // Ȟp`1
pX,Fq // ¨ ¨ ¨ ,

4 Comparison of Čech cohomology and sheaf cohomology
We first define a sheafified version of Čech complex. For any open subset Ui0,¨¨¨ ,ip Ď X, let
f i0,¨¨¨ ,ip : Ui0,¨¨¨ ,ip Ñ X denote the inclusion map. Now given X,U ,F as previous, we construct a
complex C ppU ,Fq of sheaves as follows. For each p ě 0, let

C ppU ,Fq “
ź

pi0,¨¨¨ ,ipqPJp`1

f
i0,¨¨¨ ,ip
˚ pF |Ui0,¨¨¨ ,ip

q,

and define
dp : C p Ñ C p`1

by the same formula as above.
For every open subset U of X, let U{U denote the induced covering of U consisting of all open

subsets of the form Ui X U with Ui P U .

Proposition 4.1. Let F be a sheaf of R-modules on X. For any open subset U of X, we have

C ppU ,FqpUq “ CppU{U ,Fq.
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Proof. For any subseteq U of X, we have

C ppU ,FqpUq “
ź

pi0,¨¨¨ ,ipqPJp`1

f
i0,¨¨¨ ,ip
˚ pF |Ui0,¨¨¨ ,ip

qpUq

“
ź

pi0,¨¨¨ ,ipqPJp`1

F |Ui0,¨¨¨ ,ip
ppf i0,¨¨¨ ,ipq´1pUqq

“
ź

pi0,¨¨¨ ,ipqPJp`1

F |Ui0,¨¨¨ ,ip
pU X Ui0,¨¨¨ ,ipq

“
ź

pi0,¨¨¨ ,ipqPJp`1

FpU X Ui0,¨¨¨ ,ipq

“ CppU{U ,Fq.

□

Lemma 4.2. If U “ pUiqiPI is an open cover of X and if Ui “ X for some index i, then for any
presheaf F of R-modules, we have Ȟp

pU ,Fq “ 0 for all p ą 0.

Proof. Take V “ tXu, then we see that U ă V ă U , i.e. U is equivalent to V . Thus, the map

ρUV : Ȟp
pU ,Fq Ñ Ȟp

pV ,Fq

is an isomorphism. The Čech complex C‚pV ,Fq is

0 // C0pV ,Fq
d0 // C1pV ,Fq

d1 // C2pV ,Fq
d2 // C3pV ,Fq // ¨ ¨ ¨

0 // FpXq
0 // FpXq

1 // FpXq
0 // FpXq // ¨ ¨ ¨

So, we see that Ȟp
pV ,Fq “ 0 for all p ą 0. Thus, Ȟp

pU ,Fq “ 0 for all p ą 0. □

Proposition 4.3. For every open cover U of the space X, for every F of R-modules on X, the
complex

0 ÝÑ F ÝÑ C 0pU ,Fq
d0

ÝÑ C 1pU ,Fq
d1

ÝÑ ¨ ¨ ¨ ÝÑ C ppU ,Fq
dp

ÝÑ C p`1pU ,Fq
dp`1

ÝÑ ¨ ¨ ¨

is a resolution of the sheaf F .

Proof. It suffices to show that for every x P X, the stalk sequence

0 ÝÑ Fx ÝÑ C 0pU ,Fqx
d0

ÝÑ C 1pU ,Fqx
d1

ÝÑ ¨ ¨ ¨ ÝÑ C ppU ,Fqx
dp

ÝÑ C p`1pU ,Fqx
dp`1

ÝÑ ¨ ¨ ¨

is exact. Since direct limits preserves exact sequences, it suffices to show that for every x P X,
there is a neighborhood V of x such that the sequence

0 ÝÑ FpW q ÝÑ C 0pU{W ,Fq
d0

ÝÑ C 1pU{W ,Fq
d1

ÝÑ ¨ ¨ ¨ ÝÑ C ppU{W ,Fq
dp

ÝÑ C p`1pU{W ,Fq
dp`1

ÝÑ ¨ ¨ ¨

is exact for all open subsets W Ď V .
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Pick V “ Ui0 for some open subset Ui0 containing x. Then for W Ď V “ Ui0 , then open cover
U{W “ tUi X W : Ui P Uu contains W “ W X Ui0 . By the definition of sheaves,

0 Ñ FpW q
ε

ÝÑ
ź

jPJ

FpUj X W q
d0

ÝÑ
ź

pi,jqPJ2

FpUi X Uj X W q

is exact. So, we see that the above sequence is exact at FpW q and C 0pU{W q. By Lemma 4.2, we
see that Ȟp

pU{W ,Fq “ 0 for all p ą 0. So, the above sequence is exact at C ppU{W q for all p ą 0.
□

Proposition 4.4. For every space X, every open cover U of X, every sheaf F of R-modules on
X and every p ě 0, there is a homomorphism

Ȟp
pU ,Fq Ñ HppX,Fq

from Čech cohommology to sheaf cohomology. Consequently, there is a homomorphism

Ȟp
pX,Fq Ñ HppX,Fq

for every p ě 0.

Proof. We have a resolution 0 Ñ F Ñ C ‚pU ,Fq of the sheaf and an injective resolution
0 Ñ F Ñ I‚ of F . By comparison theorem of the injective case, there exists a chain map
f ‚ : C ‚pU ,Fq Ñ I‚ lifting the identity id : F Ñ F , i.e. we have a commutative diagram

0 // F //

id
��

C 0pU ,Fq //

f0

��

C 1pU ,Fq //

f1

��

¨ ¨ ¨ // C ppU ,Fq //

fp

��

¨ ¨ ¨

0 // F // I0 // I1 // ¨ ¨ ¨ // Ip // ¨ ¨ ¨

Moreover, f ‚ is unique up to homotopy. Applying the global section functor ΓpX,´q gives a chain
map

ΓpX, f ‚q : ΓpX,C ‚pU ,Fqq Ñ ΓpX, I‚q

of complexes of R-modules. This induces the homomorphisms on cohomology

H‚pΓpX, f ‚qq : H‚pΓpX,C ‚pU ,Fqqq Ñ H‚pΓpX, I‚qq “ H‚pX,Fq.

Note that ΓpX,C ‚pU ,Fqq “ C‚pU ,Fq, so H‚pΓpX,C ‚pU ,Fqqq “ H‚pC‚pU ,Fqq “ Ȟ‚
pU ,Fq.

So,
H‚pΓpX, f ‚qq : Ȟ‚

pU ,Fq Ñ H‚pX,Fq

are the desired homomorphisms. □

Lemma 4.5. If f : X Ñ Y is a continuous map, and if F is a flasque sheaf on X, then f˚F is a
flasque sheaf on Y .

Proof. If suffices to show that for any open subset U of Y , the restriction map pf˚FqpY q Ñ

pf˚FqpUq is surjective. But this map is FpXq Ñ Fpf´1pUqq, which is clearly surjective as F is
flasque. □
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Lemma 4.6. If tFiuiPI is a family of flasque sheaves on X, then
ś

iPI Fi is a flasque sheaf.

Proof. For any open subset U of X, the restriction map
ś

iPI FipXq Ñ
ś

iPI FipUq is the product
of the map FipXq Ñ FipUq, which is surjective. Hence,

ś

iPI FipXq Ñ
ś

iPI FipUq is surjective.
□

Proposition 4.7. Let X be a topological space and F is a sheaf of R-modules. For every open
cover U of X, if the sheaf F is flasque, then

HppU ,Fq “ 0

for all p ą 0. Consequently, the functor Ȟp
pU ,´q are effaceble for all p ą 0.

Proof. We first prove that C ppU ,Fq is a flasque sheaf for each p ě 0. Indeed, by definition
C ppU ,Fq “

ź

pi0,¨¨¨ ,ipqPJp`1

f
i0,¨¨¨ ,ip
˚ pF |Ui0,¨¨¨ ,ip

q. Since F is flasque, we see that F |Ui0,¨¨¨ ,ip
is also flasque

on Ui0,¨¨¨ ,ip . Recall that direct image preserves flasque sheaves, we see that each f i0,¨¨¨ ,ip˚ pF |Ui0,¨¨¨ ,ip
q

is flasque. Again, a product of flasque sheaves is flasque, so we see that C ppU ,Fq is flasque.
Thus, 0 ÝÑ F ÝÑ C ‚pU ,Fq is a resolution of F by flasque sheaves. We can use this resolution

to compute H‚pX,Fq. Thus, we see that

HppX,Fq “ Ȟp
pU ,Fq

for all p ě 0. But since F is flasque, we have HppX,Fq “ 0 for all p ą 0 by Theorem 2.10. It
follows that Ȟp

pU ,Fq “ 0 for all p ą 0. □

5 Cohomology of schemes
5.1 Cohomology of Noetherian affine schemes
Proposition 5.1 (Krull’s Theorem). Let A be a Noetherian ring, a an ideal, M a finitely
generated A-module and N a submodule of M . Then the a-adic topology on N is induced by the
a-adic topology on N . In particular, for any n ą 0, there exists k ě n such that anN Ě N X akM .

Definition 5.2. Let A be a ring, a Ď A an ideal and M an A-module. Then we define the
following submodule of M

ΓapMq “ tm P M | anm “ 0 for some n ą 0u .

In other words, m P ΓapMq if and only if its annihilator is an open ideal in the a-adic topology on
A.

Let X be a topological space, Z Ď X a closed subset and F a sheaf of abelian groups on X. Then
recall that ΓZpX,Fq “ ts P FpXq|Supppsq Ď Zu is a subgroup of FpXq, and we have a subsheaf
H 0

Z pFq of F defined by

Γ
`

V,H 0
Z pFq

˘

“ ts P FpV q | Supppsq Ď Z X V u.

If pX,OXq is a ringed space and F a sheaf of modules, then H 0
Z pFq is a submodule of F .
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Lemma 5.3. Let A be a Noetherian ring, a Ď A an ideal and M an A-module. Set X “ Spec A
and let F “ ĂM �. Then there is a canonical isomorphism of sheaves of modules ΓapMq “ H 0

Z pFq

where Z “ V paq.

Definition 5.4. We first verify that
0 Ñ H 0

Z

Lemma 5.5. Let A be a Noetherian ring, a Ď A an ideal of A, and let I be an injective A-module.
Then the submodule J “ ΓapIq is also an injective A-module.

Lemma 5.6. Let I be an injective module over a noetherian ring A. Then for any f P A the
canonical morphism I Ñ If is surjective.

Proposition 5.7. Let A be a Noetherian ring and set X “ Spec A. If I is an injective A-module
then the sheaf of modules rI on X� is flasque.

Corollary 5.8. Let X be a Noetherian scheme, F a quasi-coherent sheaf of modules on X. Then
there is a monomorphism F Ñ G, where G is a flasque quasi-coherent sheaf of modules.

Theorem 5.9 (Serre). Let F be a quasi-coherent sheaf on an affine scheme X. Then for any
i ą 0 we have HipX,Fq “ 0.

Corollary 5.10. Let X be a scheme and U Ď X an affine open subset. Then the additive functor
ΓpU,´q : QcopXq Ñ Ab is exact.

Theorem 5.11 (Serre). Let X be a Noetherian scheme. Then the following conditions are
equivalent:

piq X is affine;
piiq HipX,Fq “ 0 for all quasi-coherent sheaves of modules F and i ą 0;
piiiq H1pX, Iq “ 0 for all coherent sheaves of ideals I.

Theorem 5.12. Let X be a Noetherian separated scheme, let U be an open affine cover of X,
and let F be a quasi-coherent sheaf on X. Then for all p ě 0, the natural maps

HppΓpX, f ‚qq : Ȟp
pU ,Fq Ñ HppX,Fq

are an isomorphisms.

Proof. For p “ 0, this is Theorem 3.12.
Now, we consider the case p ą 0. By Corollary 5.8, we can embed F in a flasque, quasi-coherent

sheaf G. Let H be the quotient, i.e. we have a short exact sequence

0 Ñ F Ñ G Ñ H Ñ 0.

Recall that an intersection of affine open subsets of a saparated scheme is affine, we see that
Ui0,¨¨¨ ,ip is affine for any pi0, ¨ ¨ ¨ , ipq P Jp`1. Recall that the above short exact sequence induced a
short exact sequence on global sections as F |Ui0,¨¨¨ ,ip

is quasi-coherent, i.e.

0 Ñ FpUi0,¨¨¨ ,ipq Ñ GpUi0,¨¨¨ ,ipq Ñ HpUi0,¨¨¨ ,ipq Ñ 0.

22



So, we see that the corresponding sequence of Čech complexes

0 Ñ C‚pU ,Fq Ñ C‚pU ,Gq Ñ C‚pU ,Hq Ñ 0

is exact as taking products preserves exactness. Thus, we have a long exact sequence

0 ÑΓpX,Fq Ñ ΓpX,Gq Ñ ΓpX,Hq Ñ

Ȟ1
pU ,Fq Ñ Ȟ1

pU ,Gq Ñ Ȟ1
pU ,Hq Ñ

Ȟ2
pU ,Fq Ñ Ȟ2

pU ,Gq Ñ Ȟ2
pU ,Gq Ñ ¨ ¨ ¨

Since G is flasque, by Proposition 4.7, we see that Ȟp
pU ,Gq “ 0 for all p ą 0. So, we have an exact

sequence
0 // ΓpX,Fq // ΓpX,Gq // ΓpX,Hq // Ȟ1

pU ,Fq // 0

and isomorphisms
Ȟp

pU ,Hq
„

ÝÑ Ȟp`1
pU ,Fq

for all p ě 1.
Agian, the above exact sequence

0 Ñ F Ñ G Ñ H Ñ 0

induced a long exact sequence of cohomology, i.e.

0 ÑΓpX,Fq Ñ ΓpX,Gq Ñ ΓpX,Hq Ñ

H1pX,Fq Ñ H1pX,Gq Ñ H1pX,Hq Ñ

H2pX,Fq Ñ H2pX,Gq Ñ H2pX,Hq Ñ ¨ ¨ ¨

Since G is flasque, by Theorem 2.10, we see that HppU ,Gq “ 0 for all p ą 0. So, we have an exact
sequence

0 // ΓpX,Fq // ΓpX,Gq // ΓpX,Hq // H1pU ,Fq // 0

and isomorphisms
HppU ,Hq

„
ÝÑ Hp`1pU ,Fq

for all p ě 1. Now, apply Five Lemma to the following commutative diagram,

0 // ΓpX,Fq // ΓpX,Gq // ΓpX,Hq // Ȟ1
pU ,Fq // 0 // 0

0 // ΓpX,Fq // ΓpX,Gq // ΓpX,Hq // H1pU ,Fq // 0 // 0

we conclude that Ȟ1
pU ,Fq – H1pU ,Fq. Recall that H “ CokerpF Ñ Gq is also quasi-coherent.

Now, by induction on p ě 1, we see that Ȟp`1
pU ,Fq – Ȟp

pU ,Hq – HppU ,Hq – Hp`1pU ,Fq. Thus,
□
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5.2 Cohomology of projective space
Lemma 5.13. Let A be a ring and n ě 1. Then Arx1, ¨ ¨ ¨ , xnsx1¨¨¨xn is a free A-module on the
basis txi1 ¨ ¨ ¨ xin |i1, ¨ ¨ ¨ , in P Zu.
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