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1 Review of sheaf theory and homological algebra

Definition 1.1. Let X be a topological space. A presheaf # of abelian groups on X consists
of the data

(a) for every open subset U < X, an abelian group F(U), and

(b) for every inclusion V- < U of open subsets of X, a homomorphism of abelian groups
puv : F(U) = F(V),

subject to the conditions
(0) F(&) =0, where J is the empty set,
(1) pyu is the identity map F(U) — Z(U), and
(2) if W <V < U are three open subsets, then pyw = pyw © puv -

Remark. For any topological space X, we define a category Top(X), whose objects are the open
subsets of X, and where the only morphisms are the inclusion maps. Thus Hom(V,U) is empty



if V€ U, and Hom(V,U) has just one element if V. U. Now a presheaf is just a contravariant
functor from the category Top(X) to the category Ab of abelian groups.

We define a presheaf of rings, a presheaf of sets, or a presheaf with values in any fixed category
¢, by replacing the words “abelian group” in the definition by “ring”, "set”, or “object of €”
respectively.

Definition 1.2. If .7 is a presheaf on X, we refer to % (U) as the sections of the presheaf F
over the open set U, and we sometimes use the notation I'(U,.%) to denote the group % (U). We
call the maps pyy restriction maps, and we sometimes write s|y instead of pyv(s), if s € F(U).

Definition 1.3. A presheaf .7 on a topological space X is a sheaf if it satisfies the following
supplementary conditions:

(3) if U is an open set, if {V;} is an open covering of U, and if s € #(U) is an element such
that s|y, = 0 for all i, then s = 0;

(4) if U is an open set, if {V;} is an open covering of U, and if we have elements s; € F(V;) for
each i, with the property that for each i,j, si|v,nv, = sjlv,nv, then there is an element s € F (U)
such that s|y, = s; for each i. (Note condition (3) implies that s is unique.)

Definition 1.4. If .F is a presheaf on X, and if P is a point of X, we define the stalk Fp of F

at P to be the direct limit of the groups F (U) for all open sets U containing P, via the restriction
maps p. HereU <V <V CU.

Remark. By the definition of direct limit, an element of Fp is represented by a pair (U, sy, where U
is an open neighborhood of P, and s is an element of F (U). Two such pairs (U, sy and {V,t) define
the same element of Fp if and only if there is an open neighborhood W of P with W < U n'V,
such that sy = tlw. Thus we may speak of elements of the stalk Fp as germs of sections of F
at the point P.

Definition 1.5. If .% and ¢4 are presheaves on X, a morphism ¢ : % — 4 consists of a
morphism of abelian groups p(U) : F(U) — 4 (U) for each open set U, such that whenever V< U
is an inclusion, the diagram

7)) —2Y gu)
FV) =9 (V)

is commutative, where p and p' are the restriction maps in % and 4. If ¥ and & are sheaves
on X, we use the same definition for a morphism of sheaves. An tsomorphism is a morphism
which has a two-sided inverse.

Remark. A morphism ¢ : % — 9 of presheaves on X induces a morphism pp : Fp — 9p on the
stalks, for any point P € X.

Proposition 1.6. Let ¢ : . F — 4 be a morphism of sheaves on a topological space X. Then ¢ is
an isomorphism if and only if the induced map on the stalk pp : Fp — 9Gp is an isomorphism for
every P e X.



Definition 1.7. Given a presheaf %, there is a sheaf F* and a morphism 0 : F — F+, with
the property that for any sheaf &, and any morphism ¢ : F — &, there is a unique morphism
Vv Ft — 4G such that the following diagram commutes

@ = of. Furthermore the pair (Z*,0) is unique up to unique isomorphism. F* is called
the sheaf associated to the presheaf .7 .

Definition 1.8. Let ¢ : . # — &4 be a morphism of presheaves. We define the presheaf kernel
of ¢, presheaf cokernel of p, and presheaf image of ¢ to be the presheaves given by U —
ker(p(U)), U — coker (¢(U)), and U — Im @(U) respectively.

Remark. If p : F — 94 is a morphism of sheaves, then the presheaf kernel of © is a sheaf, but the
presheaf cokernel and presheaf image of @ are in general not sheaves.

Definition 1.9. If ¢ : . % — & is a morphism of sheaves, we define the kernel of ¢, denoted
ker ¢, to be the presheaf kernel of v, which is a sheaf. Thus ker ¢ is a subsheaf of % .

We say that a morphism of sheaves ¢ : F — 9 is injective if ker ¢ = 0. Thus ¢ is injective
if and only if the induced map p(U) : F(U) — 4(U) is injective for every open set of X.

Definition 1.10. If ¢ : ¥ — 9 is a morphism of sheaves, we define the image of ¢, denoted
im @, to be the sheaf associated to the presheaf image of .
We say that a morphism ¢ : F — 94 of sheaves is surjective if im ¢ = 4.

. i—1 . 7 .
Definition 1.11. We say that a sequence -- - — F 1 2s Ft L5 Fi+l ... of sheaves and

morphisms is exact if at each stage ker o' = im @'~

Remark. 0 — F 25 G is exact if and only if ¢ is injective, and F —2> 4 — 0 is exact if and
only if ¢ is surjective.

Proposition 1.12. Let {F;}icr be a family of a sheaf. Define a presheafl_[]:i by

el

U~ [[F @)

Then the presheafl_[f,- s a sheaf.
i€l
Proof.  Let {V;}; be an open cover of U.
(1) If (si); € [ ,e; Fi(U) such that (s;)|v; = 0 for all j. Then for any fixed i € I, we have
sily, = 0 for all j. Thus, s; = 0 € F;(U) as F; is a sheaf. So, (s;); = 0.
(2) Let s; = (si5)ier | Lie; Fi(V;) such that s;|v;~v, = si|v,ay, for all j, k. That is, (si)|v,v, =

(8ik)|v;~vs,- So, for any fixed ¢ € I, we have si|v,~v, = Sik|v;~v,. Since F; is a sheaf, there
exists some s; € F;(U) such that s;|y, = s;; for all j. Take s = (s;); € [[,c; Fi(U), we see that
slv, = (si)|lv, = (silv;) = (s45) = s; for each j. ]



2 Cohomology of sheaves

2.1 Injective sheaves and flasque sheaves

Definition 2.1. A sheaf I is injective if for any injective sheaf map h : F — G and any sheaf
map [+ F — I, there is some sheaf map f : G — 1 extending f : F — I in the sense that
f = foh, asin the following commutative diagram.:

0—=F-".g

£ f
z

Equivalently, this means that the contravariant functor Homgnx)(—,Z) is exact.

We know that the category of R-modules has enough injectives. This will imply that the category
of sheaves of R-modules also has enough injectives.

Proposition 2.2. For any sheaf F of R-modules, there is an injective sheaf I and an injective
sheaf homomorphism ¢ : F — T.

Proof.  For every x € X, pick some injection F, — I* with I* an injective R-module, which
always exists. Define the ”skyscraper sheaf” Z% as the sheaf given by

T°(U) =

17, ifxel,
0, ifzx¢lU

for every open subset U < X. It is easy to check that there is an isomorphism
HOHISh(X) (.F, Ix) = HOHIR(JT"I, [x)

for any sheaf F, and this implies that Z% is an injective sheaf. We also have a sheaf map from F
to Z*. Consequently we obtain an injective sheaf map

F-]]z

zeX
Since a product of injective sheaves is injective, F is embedded into an injective sheave. 0

Remark. The category of sheaves does have enough projectives. This is the reason why projective
resolutions of sheaves are of little interest.

Definition 2.3. Let X be a topological space, and let T'(X, —) be the global section functor from
the abelian category Sh(X) of sheaves of R-modules to the category of abelian groups. The
cohomology groups of the sheaf F (or the cohomology groups of X with values in F), denoted
by HP (X, F), are the groups RPT'(X, —)(F) induced by the right derived functor RPT(X, —) (with
p=0).

To compute the sheaf cohomology groups H? (X, F), pick any resolution of F

0 F_ 70 @ g1 d 72 &



by injective sheaves Z". Apply the global section functor I'(X, —) to obtain the complex of R-
modules

5t 52

8° LX) S

025 70(x) -5 1Y (X)

and then
HP(X, F) = ker 6 /Tmé?~".
We now turn to flasque sheaves.

Definition 2.4. Let X be a topological space. A sheaf F on X is flasque if for every open
subseteq V< U, the restriction map pyy : F(U) — F(V) is surjective.

Proposition 2.5. A sheaf F is flasque if and only if for every open subset U of X, the restriction
map pxy : F(X) — F(U) is surjective.

Proof. =: By definition.
<: Let V < U be open subsets of X. Then consider the following diagram

F(X) 25 FU)

lPUv
PXV

F(V).
We see that pyy is surjective as pxy and pyy are. 0

Proposition 2.6. Let F be an Ox-module. If F is flasque, so is F|y for every open subset U of
X. Conversely, if for every x € X, there is a neighborhood U such that F|y is flasque, then F is

flasque.

Proof. = By definiton.
<: Given any open subset V' of X, take s € F(V). Let

T ={(U,t) : U is open in X such that V < U and t € F(U) such that t|y = s}.
We define a partial order < on T by
(Ul,tl) < (Uz,tg) < U, € U; and t2|U1 = 1.

Let (U;,t;) be a chain in T. Let U = |, U;, then there exists ¢ € F(U) such that t|y, = t; by
the gluability of sheaves. We see that (U, t) is a upper bound of (U, t;). By Zorn’s lemma, there
exists a maximal element (Up,to) in T. If Uy # X, there exists a point x € X — Uy. Then there
exists a neighborhood W of = such that F|y, is flasque. We see that W Q Uy. We now can extend
the section py, vy~w (to) to t' € F(W) as F(W) — F(Uy n W) is surjective. Since t; and t’ agree
on Uy n W, we can glue them to obtain a section t on Uy u W. Then (Uy,ty) < (Uy u W, t) and
(Up u W,t) € T. Contradiction. This imples that Uy = X. So, we see that F(X) — F(V) is
surjective. By Proposition 2.5, we see that F is flasque. 0

Lemma 2.7. If (X,Ox) is a ringed space, any injective Ox-module is flasque.



Proof.  For any open subset U < X, we define the sheaf Oy by

Ox|U(V), ifvVc U,
0, otherwise.

We see that

OXJ,, if peE U,
Ouvyp = .
0, otherwise.

Suppose Z is an injective Ox-module and V' < U are open subsets. Then, we have an injective
inclusion

0—>Ov—>OU.

Since Z is an injective sheaf, the functor Homgn(x)(—,Z) is exact. Thus,

Home, (Op,Z) — Home, (Oy,Z) — 0

Is exact.
Since Homo, (Op,Z) = Homo, |, (Ox|v,Z|v) = Z(U), we see that Z(U) — Z(V) — 0 is exact.
Thus, Z is flasque. 0

So far, we see that every Ox-module F admits a flasque resolution. Further, there is a canonical
way to construct a flasque resolution of F, called canonical flasque resolution or Godement
resolution of F.

Define a presheaf C°(X, F) by

UH]_[JFI.

zelU

(To be continued...)
Given two sheaves of R-modules F' and F”, we obtain a presheaf 7' @ F” by setting

FU)=(FeF")U)=FU)eF'(U)

for every open subset U of X. Actually, 7'@F” is a sheaf. We call 7' and F” direct summands
of F.

Proposition 2.8. Let 0 — F' % F Y F" — 0 be an exact sequence of sheaves and F' be
flasque. Then for every open subset U < X, we have an eract sequence

)

0— F )23 Fu) "D 7y — 0.

Equivalently,
0—F 5 F- 5L F 0
is an exact sequence of presheaves.
Proof. It suffices to show that ¥(U) : F(U) — F"(U) is surjective. Let t € F"(U). Recall

that for any x € U, we have v, : F, — F. is surjective, i.e. there exists some s, € F, such that
¥z (sz) = t. Thus, there exists a neighborhood U, of x and sy, € F(U,) such that ¥(U,)(sy,) =



t|y,. Consider the set
S={(V,s):VcUseFV)bV)(s)=tv}

Since (U, sy,) € S, we see that S is nonempty. Define a partial order < on S by (U, s) < (V,t) <
U<V andt|ly =s.

By the gluability of sheaves, we see that every chain in S has an upper bound. Thus, there
exists a maximal element, say (V,s), in S, by Zorn’s lemma. We aim to show that V' = U. If not,
there exists (W,r) such that V¢ W < U, r € F(W) and ¢ (W)(r) = t|w. We may assume that
W nV # ¢, otherwise, we are done. Note that

YW A V)(slwav —rlwav) = 0(V)(8)|lwav = W)(r)lwav = (Ev)|lwav — (tHlw)|lway = 0.

So, Slwav — rlwav € kerp(W n' V) = im (W n V). This means that s|y~v — rlw~y =
oW n V)(u) for some u e F'(W nV). Note that F’ is flasque, the restricition map F'(W) —
F' (W n V) is surjective. Thus, there exists @ € F'(W) such that a|w~.y = u. Consider the
following commutative diagram

w(W)

F' (W) FW)
FW V)22 rw Ay

We see that o(W)(@)|way = oW V) (u) = slwav —rlwav. Thus, slwav = (0(W)(@) +7)|lway.
Thus, by the gluability of sheaves, there exists a section s’ € F(W u V) such that s'|,, = s and
Slw = o(W)(@) + r. Since (W v V)(¢)|v = t|ly and v(W v V)(s')|lw = t|lw, we see that
YW o V)($) = tlwoy. Thus, (W v V,s') € S. This is a contradiction as V. C W u V. We
conclude that (U, s) is the maximal element in S, i.e. s € F(U) and ¢(U)(s) = t|y = t. Thus,
(U) : F(U) — F"(U) is surjective. O

Proposition 2.9. If0 - F' — F — F" — 0 is an ezact sequence of sheaves and if F' and F
are flasque, then F" is flasque.

Proof.  To show that F” is flasque, it suffices to prove that for any open subset U < X, the
restricition map p @ F'(X) — F"(U) is surjective. Since F' is flasque, we have a commutative
diagram of short exact sequences

) 2X 7 (x) X Frx)y —0

0—=F/(X

Pxu PXU lp’)}U
0— F(U) 22 o) 2L Frvy —0
Take any a € F"(U), there exists b € F(U) such that ¢(U)(b) = a. Since F is flasque, we see
that pxy @ F(X) — F(U) is surjective. So, there exists some ¢ € F(X) such that pxy(c) = b.

Thus, we sce that py(4(X)(¢)) = (U) (pxu(e)) = $(U)(B) = a. Thus, pyy, : F'(X) — F'(U)
is surjective as desired. 0

Theorem 2.10. If F is a flasque sheaf on a topological space X, then H (X, F) = 0 for alli > 0.



Proof. By Proposition 2.2, we may embed F in an injective sheaf of abelian groups Z. Let G
be the quotient, then we have an exact sequence

0->F—->IZ—->G—0.
This short exact sequence induced a long exact sequence of cohomology, i.e.
0-I'(X,F) - T'(X,Z7) - I'(X,G) —

H' (X, F) - HY(X,I) - H(X,G) —
H*(X, F) - H}(X,I) - H*(X,G) — - --

Now since F is flasque, we have an exact sequence by Proposition 2.8,
0-TI'(X,F)->T1'(X,Z7) - I'(X,G) — 0.
So we obtain a long exact sequence
0 - H'(X,F) - HYX,TI) - H(X,G) - H*(X,F) - H*X,I) - H*(X,G) — - --

On the other hand, since 7 is injective, we have H'(X,Z) = 0 fori > 0. We see that H'(X, F) = 0,
and H'(X,G) = H* (X, F) for all i > 1. Note that F is flasque by hypothesis, Z is flasque by
Proposition 2.7, so G is flasque by Proposition 2.9. So by induction on ¢ we get the result. 0

2.2 A vanishing theorem of Grothendieck

Theorem 2.11 (Grothendieck). Let X be a Noetherian topological space of dimension n. Then
for all i > n and all sheaves of abelian groups F on X, we have H'(X, F) = 0.

3 Cech cohomology

For a general space X, the sheaf cohomology groups may be quite difficult to compute — how
does one produce a flasque or even injective resolution resolution in general? Fortunately, there
is another construction of sheaf cohomology which, though cumbersome to define, is much more
amenable to computation.

3.1 Motivation: the Mittag-Lefller problem

In this section, we motivate the definition of Cech cohomology with a classical problem originally
studied by Mittag-Leffer. Let X be a Riemann surface, i.e. a one-dimensional complex manifold,
which we may assume to be connected. Suppose E is a closed, discrete subset of X, i.e. E has
no limit point in X. For each a € E, we are given a function z, : U, — C on some neighborhood
U, € X of a such that z,(a) = 0. Consider the function

Mg

palza) = Y. 24

=17




The Mittag-Leffler problem is to find a meromorphic function f : X — C such that f is
holomorphic on X — E and for all a € E, the function f — p,(z,) has a removable singularity at
a. Then p,(z,) will be the principal part of f on U,. Equivalently, we are asked to extend some
meromorphic functions defined on open subsets in X to a meromorphic function on the whole
Riemann surface. We can restate the problem as:

Let U = {U;}ie;r be an open cover of X and suppose that {f; : U; — C} is a collection of
meromorphic functions defined on U; such that either f; is holomorphic on U; or has a single point
a; € U; with a; ¢ U; if j # 7. The Mittag-Lefler problem is then to find a meromorphic function
f + X — C such that for each i € I, f|y, — f; is holomorphic.

Let M be the sheaf of meromorphic functions on X. First notice that if f; agree on all overlaps
U; n Uj, then the sheaf condition on M guarantees that there is a global meromorphic function
[ € M(X) such that f|y, = f; for all <. In this case, we have f|y, — fi = 0, a much stronger
conclusion than Mittag-Leffler problem asks for. In general, if we can find a family of holomorphic
functions {h; : U; — C} on each U; such that (f; + hs))|v,~v; = (f; + hy)|vinu, for all 4, 5, we can
glue f; + h; together to find the desired f. This can be rewritten as

fi

Set ti; = filv.~v;, — filvinu,- Then we have t;; € O(U; n Uj), where O is the sheaf of holomorphic
functions on X, if the above equation is satisfied. Moreover, when restricting on U; n U; n U}, for
any 7, J and k, we have

vint; — filv,nu; = hiluau, — hiluiau;-

tjk —ti + tij = 0.

Thus, we want to find holomorphic functions h; € O(U;) such that
(1) tij = h]’ — hl on Ul M Uj for any ’l,j and
(2) tjk — tik + tij =0 on Uz N Uj M Uk for any Z,] and k.

Definition 3.1. Let X be a Riemann surface, U an open cover of X and O be the sheaf of
holomorphic functions. A family of sections (t;;) € [ ;; O(U; 0 Uj) is called a Cech 1-cocycle if
for alli,j, k, we have tji, — typ +ti; = 0 on Uy nU; 0 Uy. Under component-wise addtion, the set
of 1-cocycle forms a group, denoted by Z(U,O).

Definition 3.2. A family of sections (t;;) € [ [;; O(U; 0 Uj) s called a Cech 1-coboundary if
there exists a family (h;) € []; O(U;) such that t;j = hj—h; on each U;nU;. This forms a subgroup
of Z(U,O), which is denoted by B(U, O).

Definition 3.3. The first Cech cohomology group of the cover U with coefficients in O is
the quotient group

H' (U, 0) = ZU,0)/BU, O).

Now, to solve the Mittag-Leffler problem, it suffices to investigate that whether we have ' Uu,0) =
0 for a Riemann surface X with cover U.

3.2 Cech cohomology of an open cover

In previous section, we defined the first Cech cohomology for a Riemann surface X with an open
cover U. We can generalize this to any space X with an open cover U = (Uj);e,.

In this section, we fix a topological space X and a presheaf 7 on X. Let U = (U;);jes be an
open cover of X, where J is an index set. Before we step into our main result, we make some
conventions first for convenience.



Notation. o X: a topological space.
e U = (Uj)jes: an open cover of X, where J is an index set.
e R: a fixed commutative unitary ring.

o F: a presheaf of R-modules on X.

o [ =(ig, - ,ip): a (p+ 1)-tuple of elements of J, where p =0 and iy € J are not necessarily
distinct.

Definition 3.4. Let I = (ig, - ,ip) be a (p+1)-tuple of elements of J. We define an open subset
U to be the intersection of open subsets in U with subscripts in I, i.e.

U[ = Uio,--- ip — Uio N M Uip'

)

We define Ui07__.7i;7,__72.p to be the intersection
0y iy = Ugnooon Uy, n Uy 00U,
of the p subsets with U;; excluded.
Remark. By definition, Uy, ... ;, < Uio,~~,i},-~~,ip induces an inclusion map

(5? . Uio,'" i > U ~

»tp 10,7 585, »ip

0i1iziz = Ulou 1213

Example 3.5. As the following picture shows, we see that U;

u

Figure 1: An illustration of U, ., and U,

lOll'LZZS

To introduce Cech cohomology, we first construct a cochain complex. The idea to construct the
desired complex arises from the Mittag-Lefler problem. More precisely, let U;; = U; n U; and
Uij = U; 0 U; n Ug. By the construction in the previous section, we have a sequence

0—F(X)-S[[FU) - [ FUinU) -2 [ FU AU A,

jeJ (3,5)eJ? (4.3,k)eJ3

10



Where d() LS = (8|U].)j, d1 . (Sj)j —> (Si|Uij _Sj|Uij)i,j and d3 . (Sij)z' (Sjk
So, we can extend this sequence to obtain a cochain comlex.

+ SZ] uk)'

2]k - 7.jk

Definition 3.6. Given a topological space X, an open cover U = (Uj)jes of X, and a presheaf of
abelian groups F on X, the R-module of Cech p-cochains C?(U,F) is the set of all functions f
with domain JP* such that f(ig, - ,ip) € F (Ui, ); in other words,

U F) =[] FUi-s,),

(i0,++ yip)EJP+1
the set of all JP*'-indexed families (fiy.... i, )(io, - ip) € JPTH with fig.. ;0 € F(Uig.i,).

Example 3.7. If p =0, we have

F)=1]xwy
jed
i.e. a 0-cochain is a J-indexed family f = (f;)jes with each f; € F(Uj).
If p=1, we have
U F)= ] FU:nUy,

(i,9)eJ?

i.e. a l-cochain is a J*-indexed family f = (fi;)ues2 with f;; € F(U; 0 Uj).

Remark. Note that F(&) = 0, we may assume that Uy, ... ;, # &. Indeed, if Us,..;, = &, the
component corresponding to the tuple (ig,--- ,i,) is trivial, which means that we could just omit
the component with Uy, ... ;, = .

Remark. Recall that a presheaf is just a contravariant functor, we see that the restriction map
UZ'O’.H , jv""ip . }_ U
pUiO,m Jip ° (

20,7 g, lp

) = F (Ui, i)

is induced by the inclusion map (5’»’ D Uigyoe iy = UZO’ ..7;]7 .‘Jp.
U,
For simplicity, we denote that restriction map pU " by p] i, OT Just ]-"(5?).

Now, to obtain a cochain complex, it remains to construct the coboundary maps.

Definition 3.8. Given a topological space X, an open cover U = (U;)jes of X, and a presheaf of
R-modules F on X, the coboundary maps 6% : CP(U,F) — CP* (U, F) are given by

p+1 4
%= Y (P
7=0
on each component F (U, . - 7ip+1). Ezplicitly, for each p-cochain f € CP(U, F), and any sequence
I =(ig, + ,ips1) € JP2, we define

p+1
D - J -
(5‘Ff G0, Sipk1 T Z p’io,---,ip+1 (inf“vijv'“vip-i-l)'

11



By a direct computation, we have that following proposition.

Proposition 3.9. 627 0 6% =0 for all p > 0.

So, we obtain a cochain complex (C*(U, F),%). We now can define its cohomology.

Definition 3.10. Given a topological space X, an_open cover U = (Uj)jes of X, and a presheaf
F of R-modules on X, the R-module BP?(U, F) of Cech p-boundaries is given by

BP(U, F) =Tm o5

for p =1 with BOU,F) = 0, and the R-module Z*(U, F) of Cech p-cocycles is given by
Z°(U, F) = ker &%

, forp=0.

Definition 3.11. Given a topological space X, an open cover U = (U;)jes of X, and a presheaf
F of R-modules on X, the Cech cohomology groups H' (U, F) of the cover U with values in F
are defined by

H'U,F)=2"U,F)/B*U,F)

for each p = 0.

Theorem 3.12. Given a topological space X, an open cover U = (U;)jes of X, and a presheaf of
R-modules F on X, if F is a sheaf, then

(U, F) = F(X) = [(X, F)
the global section of F.

Proof.  Recall that we have a left exact sequence

0— F(X)-2[[FU) - [] Fnvy),

jeT (i.d)e]?

where dy : s = (s|y;); and dy : (s;); = (8ilvi; — s5]v,,;)i;. By definition, we see that 0% = d; and
ker 0% = kerd; = Im dy = F(X). Thus, I:IO(Z/[,}") = F(X) = I'(X, F) is the global section of F.
O

3.3 Cech cohomology with values in a presheaf

We now want to give a partial order between two open covers

Definition 3.13. Given two open covers U = (U;)ier and V = (V;)jes of a space X, we say that
V is a refinement of U, denoted U <V, if there is a function 7 : J — I such that

Vi € Uy for all j € J.

Two covers U and V are said to be equivalent if V <U andU < V.

12



Example 3.14. Let U = {Uy,Us,Us}. Let V = {V, Vo, V3, Vi, V5, Vst Then U <V with T :
{1,2,3,4,5,6} — {1,2,3} where 7(1) =1, 7(2) = 1, 7(3) =2, 7(4) = 2, 7(5) = 3, 7(6) = 3 since
‘/1 - Ul?‘/Q < Ul; ‘/:3 = U2; ‘/zlg UQ)‘/’{') - U37‘/6 - U3'

Figure 2: An illustration of U < V.

Definition 3.15. Let 7 : J — I be a function such that
Vi € Ury for all j € J.

We can define a homomorphism 7 : CP(U,F) — CP(V,F) as follows: for every p-cochain
feCPU,F), let T°f € CP(V,F) be the p-cochain given by

(T2 Fjoip = PV (Friio)-r(n))

for all (jo, -+ ,jp) € JPTL, where pY denotes the restriction map associated with the inclusion of
Viggp 180 Ur(jo)-r(jy) -

By direct computation, we see that the map 77 : C?(U, F) — CP(V, F) commutes with 7 so
™. C*U,F) - C*(V,F)
is a chain map. Thus, we have a homomorphism 77 : H* (U, F) — H*(V, F)

Proposition 3.16. Given any two open covers U and V' of a space X, ifU <V and if 1 : J — 1
and 1o : J — I are functions such that

Vj o Un(j) and VJ o Urz(j) for all j € J,

then 7,7 = 7,¥ for all p = 0.
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Proof.  The ideal is to construct a chain homotopy. Given any f € C?(U,F), let

(K" f) JorJp—1 Z Ph le (d0)-71(Gr)T2(dn) T2 (Gp— 1))

for all (jo, -+ ,jp—1) € JP, where p;, denotes the restriction map associated with the inclusion of
Vio-jpor 1080 Uz (jo)ooory ()72 ()2 (jp—1) - Lhen, by a direct computation, we see that

d5 oK (f) + K" 0 35(f) = () = 7 (),
where d. : CP(V, F) — CP*Y(V, F) and 0% : CP(U, F) — CP*H (U, F).
Thus, 7,7 = 7,7 for all p = 0. O

This proposition gives us a homomorphism 4 : H’(U, F) — H(V, F). Moreover, this partial
order is directed. Indeed, we have given any two covers U = (U;)ier and V = (V}),es, the cover
W = (U; ' V})ijyerxs is a common refinement of both ¢ and V, so Y < W and V < W. Again,
by this proposmon we see that if Y <V < W, then

P = py ooy
and
P =id.
Now, if U and V are equivalent, we see that p), o pif = id and p§f o p}, = id, i.e.
py U F) > T (V, F)

is an isomorphism.
Consequently, it appears that the family (H' (U, F))y is a direct system of R-modules indexed
by the directed set of open covers of X.

Definition 3.17. Let X be a topological space and F be a presheaf of R-modules. The p-th Cech
cohomology group of X with values in F is defined to be the direct limit

H'(X,F) = lim H' (U, F).
u
3.4 Some properties of Cech cohomology

Proposition 3.18. For every space X and every open cover U of X, the functor C*(U,—) from
presheaves to abelian groups is exact for all p = 0.

Proof. If
0 v F F 0

is an exact sequence of presheaves, then every sequence

0 e f’(UzOzp) e -/—:<Uzoz,,) e f”<Ui0"~ip) e 0

14



is exact. Since exactness is preserved under direct products, we see that the sequence
00— H(io,... ip) ]:/(Uz‘o---ip) > H(io,,,, ip) F(Uio...ip) — H(io,m i) .F//(Uio...ip) —0,
i.e. the sequence
0—C?PU,F')—=CPU,F)—=C?(U,F") —=0

Is exact. 0

Corollary 3.19. If
0 F' F F 0

is an exact sequence of presheaves, we have a long exact sequence of cohomology:

= BU,F) — U, F) 0 UF) — U F) — -,
where the coboundary operator d is defined as usual.
Proof.  We have an exact sequence of complexes
0O—C'UF)—C'U,F)—=C*U,F")—=0

This gives us a long exact sequence

U F) — T U F) -0 U F) — T U, F) —
Taking direct limit over all open covers, we obtain a long exact sequence

p+1

"X, F)—=H(X, F') —% 1

o+l

(X, F)—=H" (X, F)—> -

as direct limit functor is exact. O

This is a pretty good result for presheaves, but this may not be true for sheaves. For sheaves,
clearly, we have

Proposition 3.20. For every space X and every open cover U of X, the functor C*(U,—) from
sheaves to abelian groups is left exact for all p = 0.

Now, we obtain a sequence of complexes
0——C* (U, F') 2= C* (U, F) —>C* U, F").
Consider the homomorphisms g° : CP(U,F) — CP(U,F"), which need not be surjective.
Denote by C§ (U, F") the image of this homomorphism. We now have a complex C§(U, F"), which

is a subcomplex of C*(U, F"), whose p-th cohomology groups will be denoted by Hf)’(u ,F"). We
have an exact sequence of complexes:

0O—C'UF)—CU,F)—CyU,F")—=0

15



So, we have a long exact sequence of cohomology:

WU, F) —— WU, F) T U F) — U F) ——

where the coboundary operator d is defined as usual.

Now, we consider two open covers U = (U;);er and V = (V}) e such that there exists a function
7:J — I withV; € Uy forall j € J,ie. U < V. Consider the commutative diagram

0—=C* (U, F') —2= C* (U, F) —2= C* (U, F")

0 C.(V,F/) o C.(V,F) B O.(V’f‘//)
, we see that that 7% maps CJ (U, F") into C§(V, F") and we obtain a homomorphism
P H (U, F") — Hy(V, F")

for each p > 0. Using a similar argument as in Proposition 3.16, the homomorphisms 7* are
independent of the choice of the mapping 7.

Now, recall that direct limit of an exact sequence of direct system is exact if the index set is
directed, i.e. the set of all open coverings is directed. We have a long exact sequence

p+1

- H(X,F) ——H(X, F) TN X ) BT (X F) ——

We now need to know the relation between Ho(X, F”) and H(X, F").

Lemma 3.21. Let U = (U;)icr be a covering and let f = (f;) be an element of C°(U, F"). There
exists a covering V = (V;)jes and a mapping 7 : J — I such that V; < U, and 7f € C§(V, F").

Proof. Let J = X. For any v € J = X, take a 7z € [ such that x € U,,. Noticing that f,, is a
section of F” over U,,, there exists an open neighborhood V,, of x, contained in U,, and a section
b, of F over V, such that B(V,)(b.) = frz|v, on V,. Indeed, 5 : F — F” is surjective. Then £,
is surjective for all z € X. Let s = f., and s, be the image of s in F.. Since f, is surjective,
there exists t, € F, s.t. B.(t;) = s,. By the property of direct limit, we know that there exists a
neighborhood of z, say V, and t € .7 (V]) s.t. t, is the image of ¢t in F,, i.e. p(t) = t,.

Consider the following commutative diagram

Fvy 2 pryy
| |
-7::c Bz i

we must have p'(s|y,) = s,. Also (V;, (V))(t)) and {V, s|y:) have the same image in F. So there
exists a neighborhood V, of x contained in V; such that 3(V,)(t|yv,) = B(V,)(#)|v, = (s|v2)|v, =
sly,. Hence, let b, = t|y,, we have that 3(V,)(bs) = s|v,.

16



The {V,}.ex form a covering V of X, and the b, form a O-chain b = (b,), of V with values in
U; since Tf = (), we have that 7f € CY(V, F"). O

Now, consider the commutative diagram

Oﬁ-cg(zjh‘/?//) LC’&(U,}W) LC@(U,J’-’”) L o

| | |

00— COU, F") ~5= C U, F") "= C* (U, F') T - -

we have a morphism of complexes C§(U,F") — C*(U,F"). This induces a homomorphism
Hy (U, F") — H (U, F"). By taking direct limit, we have a homomorphism Hj (X, F") — H"(X, F").

Proposition 3.22. The canonical homomorphism Hy(X, F") — H (X, F") is bijective for p = 0
and injective for p = 1.

Proof. ~ We first show that I:I(l](X JF') — I:II(X , F") is injective. An element of the kernel of this
mapping may be represented by a 1-cocycle z = (z;,;,) € C3(U, F"), i.e. z € Im ¢°. Thus, there
exists an f = (f;) € C°U,F") with ¢°f = z; applying Lemma 3.21 to f yields a covering V such
that 7f € CY(V, F"). So, d°(7f) = 7z via the map d° : CQ(V, F") — CJ(V, F"). This means that

for finer enough U, we have z € Im d°. Thus its image in H} (X, F”) is 0.
0

Using a similar argument, we see that ﬂg(X, F") — H (X, F") is injective. Again, Lemma
3.21 just means that I:IS(X JF') — I:IO(X , F") is surjective by the definition of direct limit. O

Corollary 3.23. We have an ezact sequence
0—H'(X,F) —H"(X, F) — H'(X, F') > 0 (X, F) —H (X, F) — 0 (X, F")

Corollary 3.24. If
0 F F F 0

is an exact sequence of sheaves and Hl(X, F') =0, then T'(X, F) - I'(X, F") is surjective.
Proof. 1If I:Il(X, F') =0, then we have
0—=H (X, F)—=H (X, F) —=H (X, F") —=0

Now, by Theorem 3.12, if F is a sheaf, then I:IO(U,]:) = ['(X,F) the global section of F.
Thus, we obtain a short exact sequence

0—TI'(X,F)—TI'(X,F) —T['(X,F") —0

On paracompact spaces, we can extend Proposition 3.22 for all values of p. Recall that

Definition 3.25. An open cover U = (U;)ier of a space X is locally finite if for any x € X,
there exists some neighbourhood V,, of x such that the set {i € I : U; NV, # &} is finite.
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Definition 3.26. A topological space X is paracompact, i.e. X is Hausdorff and if any covering
of X admits a refinement that is locally finite.

Using a similar argument as in Lemma 3.21, we have the following result

Lemma 3.27. Let U = (Uj)ier be a covering and let f = (fiy...,) be an element of CP(U,F").
There exists a covering ¥V = (V})jes and a mapping 7 : J — I such that V; < Uy and 7f €
CE(V, F").

So, we have a analogous result
Proposition 3.28. If X is paracompact, the canonical homomorphism
Ho(X, F") — H' (X, F")
is bijective for all p = 0.
As a corollary, we have

Corollary 3.29. If X is paracompact, we have a long exact sequence:

P+l

= H(X, F) —=H(X, F') -1

P+l

()(wfv)___*>}1 ()(7]?>___*>"'7

4 Comparison of Cech cohomology and sheaf cohomology

We first define a sheafified version of Cech complex. For any open subset Uiy i, © X, let
frote s Uy i — X denote the inclusion map. Now given X, U, F as previous, we construct a
complex €P(U, F) of sheaves as follows. For each p = 0, let

euF) =[] RE

(10, yip)eJPH1

Uio’u.’ip)?
and define
dr . €P — ¢PH

by the same formula as above.
For every open subset U of X, let Uy denote the induced covering of U consisting of all open
subsets of the form U; n U with U; € U.

Proposition 4.1. Let F be a sheaf of R-modules on X. For any open subset U of X, we have

CUF)U) = C (U, F).
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Proof.  For any subseteq U of X, we have

U F)U) =[] £ Flu,.,)U)

(i0,~~~ 7Z'p)€JP+1

=[] Flog.. (for=)~U)

(i0,++ ip)EJPT1

= 1_[ f|Uio,--»,ip(U M Ui07"‘,ip)

(10, ,ip)eJPTT

= 1_[ ./T"(Uﬂ Uio,-",ip)
(10, ,ip)eJPt]
= CP(Uyy, F).
]

Lemma 4.2. IfU = (U;)ies is an open cover of X and if U; = X for some indez i, then for any
presheaf F of R-modules, we have Hp(Z/{,.F) =0 for all p > 0.

Proof.  Take V = {X}, then we see that Y <V < U, i.e. U is equivalent to V. Thus, the map
H'U,F) > "V, F)

is an isomorphism. The Cech complex C*(V, F) is

0—=C'(V, F) 2= C'(V, F) 2= C2(V, F) —2~ O3 (v, F) —

0 1 0

So, we see that H(V, F) = 0 for all p > 0. Thus, H (U, F) = 0 for all p > 0. d

0

Proposition 4.3. For every open cover U of the space X, for every F of R-modules on X, the
complex

dp+1

O—>J—"—><€0(Z/{,f)io>cgl(u7f)d_l)..._)Cgp(u f‘) (ngrl(u .F)
is a resolution of the sheaf F.

Proof. It suffices to show that for every x € X, the stalk sequence

dp+1

0— F, — €U, F)o 2 €U, F)y L - — U, F), L e U, F), 2

is exact. Since direct limits preserves exact sequences, it suffices to show that for every x € X,
there is a neighborhood V' of = such that the sequence
d! drtl

0—> F(W) — U, F) - € U, F) -2 - — G Uy, F) -2 €7 Uy, F) 25 -

is exact for all open subsets W < V.
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Pick V' = U, for some open subset U;, containing x. Then for W < V' = U,,, then open cover

Uw = {U; n W : U; € U} contains W = W n Uy,. By the definition of sheaves,
0—FW) [ [FU; nw) -5 n]-"UmUmW)

jeJ (i,5)eJ?

is exact. So, we see that the above sequence is exact at F(W) and €°(Uw). By Lemma 4.2, we
see that I:IP(U/W,]:) = 0 for all p > 0. So, the above sequence is exact at €7 (U ) for all p > 0.
U

Proposition 4.4. For every space X, every open cover U of X, every sheaf F of R-modules on
X and every p = 0, there is a homomorphism

0’ U, F) — 0 (X, F)

from Cech cohommology to sheaf cohomology. Consequently, there is a homomorphism
(X, F) - H'(X, F)

for every p = 0.

Proof. We have a resolution 0 — F — %*(U,F) of the sheaf and an injective resolution
0 - F — I* of F. By comparison theorem of the injective case, there exists a chain map
f* €U, F)— I* lifting the identity id : F — F, i.e. we have a commutative diagram

0 F U F)—CUF)— ——C"U,F) —
id %fo %fl %fp

v v %

0—>F I° I o I

Moreover, f* is unique up to homotopy. Applying the global section functor I'(X, —) gives a chain
map

(X, f*) : T(X, 6" (U, F)) - [(X,T")
of complexes of R-modules. This induces the homomorphisms on cohomology
H*(T'(X, f°)) : H*(I'(X,¢° U, F))) - H*(I'(X,I°)) = H* (X, F).

Note that I'(X,€*(U,F)) = C*(U, F), so H*(T(X,€* (U, F))) = H*(C*(U,F)) = H (U, F).
So,
H*(D(X, f*)) : H' (U, F) - H'(X, F)

are the desired homomorphisms. 0

Lemma 4.5. If f : X = Y is a continuous map, and if F is a flasque sheaf on X, then foF is a
flasque sheaf on'Y .

Proof.  If suffices to show that for any open subset U of Y, the restriction map (f.F)(Y) —
(f«F)(U) is surjective. But this map is F(X) — F(f~'(U)), which is clearly surjective as F is
flasque. O
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Lemma 4.6. If {F;}ic; is a family of flasque sheaves on X, then [[..; F; is a flasque sheaf.

el

Proof.  For any open subset U of X, the restriction map [ [,.; F:(X) — [ [,c; Fi(U) is the product
of the map F;(X) — F;(U), which is surjective. Hence, [ [..; Fi(X) — [[;c; Fi(U) is surjective.
0

Proposition 4.7. Let X be a topological space and F is a sheaf of R-modules. For every open
cover U of X, if the sheaf F is flasque, then

HP(U, F) =0
for all p > 0. Consequently, the functor Hp(l/{, —) are effaceble for all p > 0.

Proof.  We first prove that ¢P(U,F) is a flasque sheaf for each p > 0. Indeed, by definition
€T U, F) = 1_[ wote (‘F‘Uio,~--,ip)' Since F is flasque, we see that ‘F|Ui0,-~~,ip is also flasque

(10, ,ip)eJPtL

on Uj,.... ;,- Recall that direct image preserves flasque sheaves, we see that each florto(F Uig i)

is flasque. Again, a product of flasque sheaves is flasque, so we see that €7 (U, F) is flasque.
Thus, 0 — F — €*(U, F) is a resolution of F by flasque sheaves. We can use this resolution
to compute H*(X, F). Thus, we see that

HP(X,F) = H (U, F)

for all p > 0. But since F is flasque, we have H?(X, F) = 0 for all p > 0 by Theorem 2.10. Tt
follows that H' (U, F) = 0 for all p > 0. O

5 Cohomology of schemes

5.1 Cohomology of Noetherian affine schemes

Proposition 5.1 (Krull’s Theorem). Let A be a Noetherian ring, a an ideal, M a finitely
generated A-module and N a submodule of M. Then the a-adic topology on N is induced by the
a-adic topology on N. In particular, for any n > 0, there exists k > n such that a®" N 2 N na*M.

Definition 5.2. Let A be a ring, a < A an ideal and M an A-module. Then we define the
following submodule of M

I'y(M)={meM|a"m =0 for some n > 0}.

In other words, m € U'y(M) if and only if its annihilator is an open ideal in the a-adic topology on

A.

Let X be a topological space, Z < X a closed subset and F a sheaf of abelian groups on X. Then
recall that I'z(X, F) = {s € F(X)[Supp(s) € Z} is a subgroup of F(X), and we have a subsheaf
JEP(F) of F defined by

U (V,50(F)) ={se F(V) | Supp(s) € Z n V}.
If (X, Ox) is a ringed space and F a sheaf of modules, then J#)(F) is a submodule of F.
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Lemma 5.3. Let A be a Noetherian ring, a & A an ideal and M an A-module. Set X = Spec A
and let F = M . Then there is a canonical isomorphism of sheaves of modules To(M) = ) (F)
where Z =V (a).

Definition 5.4. We first verify that
0 — )

Lemma 5.5. Let A be a Noetherian ring, a € A an ideal of A, and let I be an injective A-module.
Then the submodule J = T'y(I) is also an injective A-module.

Lemma 5.6. Let I be an injective module over a noetherian ring A. Then for any f € A the
canonical morphism I — I is surjective.

Proposition 5.7. Let A be a Noetherian ring and set X = Spec A. If I is an injective A-module
then the sheaf of modules I on X s flasque.

Corollary 5.8. Let X be a Noetherian scheme, F a quasi-coherent sheaf of modules on X. Then
there is a monomorphism F — G, where G is a flasque quasi-coherent sheaf of modules.

Theorem 5.9 (Serre). Let F be a quasi-coherent sheaf on an affine scheme X. Then for any
i > 0 we have H'(X, F) = 0.

Corollary 5.10. Let X be a scheme and U < X an affine open subset. Then the additive functor
I'(U,—) : Qco(X) — Ab is exact.

Theorem 5.11 (Serre). Let X be a Noetherian scheme. Then the following conditions are
equivalent:

(1) X is affine;

(i1) H (X, F) = 0 for all quasi-coherent sheaves of modules F and i > 0;

(i3i) H'(X,Z) = 0 for all coherent sheaves of ideals T.

Theorem 5.12. Let X be a Noetherian separated scheme, let U be an open affine cover of X,
and let F be a quasi-coherent sheaf on X. Then for all p = 0, the natural maps

HP(D(X, f%) - B (U, F) — H(X, F)
are an isomorphisms.

Proof.  For p = 0, this is Theorem 3.12.
Now, we consider the case p > 0. By Corollary 5.8, we can embed F in a flasque, quasi-coherent
sheaf G. Let H be the quotient, i.e. we have a short exact sequence

0>F—>G—>H—0

Recall that an intersection of affine open subsets of a saparated scheme is affine, we see that
Uiy, i, 1s affine for any (io,--- ,i,) € JPT'. Recall that the above short exact sequence induced a
short exact sequence on global sections as F |Uz-o,..,,ip is quasi-coherent, i.e.

0 e F(Ui07"'7ip) d Q(Uim...,ip) - H(Uio,“',ip) —> O
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So, we see that the corresponding sequence of Cech complexes
0—-C'(U,F)—CUG) - C(UH)—0
is exact as taking products preserves exactness. Thus, we have a long exact sequence
0 -I'X,F)->T(X,G) > T'(X,H) >
HU,F) >0 UG —H U H) —
HU,F) - T UG -1 WUg) —

Since G is flasque, by Proposition 4.7, we see that H”(u, G) = 0 for all p > 0. So, we have an exact
sequence

0—=TI(X,F) —TI(X,6) —=T(X,H) —=H (U, F) —=0

and isomorphisms

0 U, H) 0 (U, F)

forallp>1
Agian, the above exact sequence

induced a long exact sequence of cohomology, i.e.

0-I'(X,F) - T'(X,§) > '(X,H) -
H'(X,F) - H(X,G) » H'(X,H) —
H*(X,F) —» H*(X,G) —» H*(X, H) —
Since G is flasque, by Theorem 2.10, we see that H?(U,G) = 0 for all p > 0. So, we have an exact

sequence

and isomorphisms

HP (U, 1) —> HPT YU, F)

for all p > 1. Now, apply Five Lemma to the following commutative diagram,

0—=T(X,F)—=T(X,6) —=T(X,H) —= 0 (U, F) —=0—=0

0——=T(X,F)——=D(X,6) —=D(X,H) —H'U, F) —=0——>0
we conclude that f{l(u ,F) =~ H' (U, F). Recall that H = Coker(F — G) is also quasi-coherent.

Now, by induction on p > 1, we see that H"' (U, F) =~ B’ (U, H) =~ H?(U, H) =~ H**'(U, F). Thus,
0J
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5.2 Cohomology of projective space

Lemma 5.13. Let A be a ring and n = 1. Then Alxy, -+, Tp]eya, @S a free A-module on the
basis {x;, -+ x;, i1, -+ ,in € Z}.
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